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1 Introduction
In [Na] we have dealt with a deformation of a projective symplectic variety.
This paper, on the contrary, deals with a deformation of a local symplectic
variety. More exactly, we mean by a local symplectic variety, a normal variety
X satisfying
1. there is a birational projective morphism from X to an affine normal
variety Y ,
2. there is an everywhere non-degenerate d-closed 2-form ω on the regular
part U of X such that, for any resolution π : X˜ → X with π−1(U) ∼= U ,
ω extends to a regular 2-form on X˜ .
In the remainder, we call such a variety a convex symplectic variety. A
convex symplectic variety has been studied in [K-V], [Ka 1] and [G-K]. One
of main difficulties we meet is the fact that tangent objects T1X and T
1
Y are
not finite dimensional, since Y may possibly have non-isolated singularities;
hence the usual deformation theory does not work well. Instead, in [K-V],
[G-K], they introduced a Poisson scheme and studied a Poisson deformation
of it. A Poisson deformation is the deformation of the pair of a scheme
itself and a Poisson structure on it. When X is a convex symplectic variety,
X admits a natural Poisson structure induced from a symplectic 2-form ω;
hence one can consider its Poisson deformations. Then they are controlled
by the Poisson cohomology. The Poisson cohomology has been extensively
studied by Fresse [Fr 1], [Fr 2]. In some good cases, it can be described
by well-known topological data (Corollary 10). The first application of the
Poisson deformation theory is the following two results:
1
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Corollary 25. Let Y be an affine symplectic variety with a good C∗-
action and assume that the Poisson structure of Y is positively weighted.
Let
X
f
→ Y
f ′
← X ′
be a diagram such that,
1. f (resp. f ′) is a crepant, birational, projective morphism.
2. X (resp. X ′) has only terminal singularities.
3. X (resp. X ′) is Q-factorial.
Then both X and X ′ have locally trivial deformations to an affine variety Yt
obtained as a Poisson deformation of Y . In particular, X and X ′ have the
same kind of singularities.
A typical situation of Corollary 25 is a symplectic flop. At this moment,
we need the “good C∗ contition” to make sure the existence of an algebraiza-
tion of certain formal Poisson deformation. For the exact definition of a good
C∗-action, see Appendix. But even if Y does not have such an action, one
can prove:
Corollary 31. Let Y be an affine symplectic variety. Let
X
f
→ Y
f ′
← X ′
be a diagram such that,
1. f (resp. f ′) is a crepant, birational, projective morphism.
2. X (resp. X ′) has only terminal singularities.
3. X (resp. X ′) is Q-factorial.
If X is smooth, then X ′ is smooth.
The proofs of Corollaries 25 and 31 are essentially based on [Ka 1], where
he proved that the smoothness is preserved in a symplectic flop under certain
assumptions. Corollaries 25 and 31 are local versions of Corollary 1 of [Na].
More general facts can be found in Corollary 30.
The following is the second application:
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Corollary 28. Let Y be an affine symplectic variety with a good C∗-
action. Assume that the Poisson structure of Y is positively weighted, and
Y has only terminal singularities. Let f : X → Y be a crepant, birational,
projective morphism such that X has only terminal singularities and such
that X is Q-factorial. Then the following are equivalent.
(a) X is non-singular.
(b) Y is smoothable by a Poisson deformation.
In the proof of Corollary 28, we observe that the pro-representable hulls
(= formal Kuranishi spaces) of the Poisson deformations of X and Y are
isomorphic. Here we just use the assumption that Y has only terminal sin-
gularities. Thus, any formal Poisson deformation of Y is obtained from that
of X by the contraction map; this makes it possible for us to obtain (a) from
(b). But, what we really want, is just that the formal Kuranishi space for
X dominates that for Y . The author believes that this would be true if Y
does not have terminal singularities. So our final goal would be the following
conjecture:
Conjecture. Let Y be an affine symplectic variety with a good C∗-action.
Assume that the Poisson structure of Y is positively weighted. Then the
following are equivalent.
(1) Y has a crepant projective resolution.
(2) Y has a smoothing by a Poisson deformation.
The contents of this paper are as follows. In §2 we introduce the Poisson
cohomology of a Poisson algebra according to Fresse [Fr 1], [Fr 2]. In Proposi-
tions 5, we shall prove that a Poisson deformation of a Poisson algebra is con-
trolled by the Poisson cohomology. In particular, when the Poisson algebra
is smooth, the Poisson cohomology is computed by the Lichnerowicz-Poisson
complex. Since the Lichnerowicz-Poisson complex is defined also for a smooth
Poisson scheme, one can define the Poisson cohomology for a smooth Poisson
scheme. In §3, we restrict ourselves to the Poisson structures attached to a
convex symplectic variety X . When X is smooth, the Poisson cohomology
can be identified with the truncated De Rham cohomology (Proposition 9).
When X has only terminal singularities, its Poisson deformations are the
same as those of the regular locus U of X . Thus the Poisson deformations
of X are controlled by the truncated De Rham cohomology of U . Theorem
14 and Corollary 15 assert that, the Poisson deformation functor of a convex
symplectic variety with terminal singularities, has a pro-representable hull
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and it is unobstructed. These are more or less already known. But we re-
produce them here so that they fit our aim and our context. (see also [G-K],
Appendix). Kaledin’s twistor deformation is also easily generalized to our
singular case; but this generalization is very useful in the proof of Corollary
25. At the end of this section we shall prove the following two key results:
Theorem 17. Let X be a convex symplectic variety with terminal sin-
gularities. Let (X, { , }) be the Poisson structure induced by the symplectic
form on the regular part. Assume that Xan is Q-factorial. Then any Pois-
son deformation of (X, { , }) is locally trivial as a flat deformation (after
forgetting Poisson structure).
Theorem 19. Let X be a convex symplectic variety with terminal sin-
gularities. Let L be a (not necessarily ample) line bundle on X. Then the
twistor deformation {Xn}n≥1 of X associated with L is locally trivial as a
flat deformation.
§4 deals with a convex symplectic variety with a good C∗-action. The
main results of this section are Corollary 25 and Corollary 28 explained above.
These are actually corollaries to Theorem 19 and Theorem 17 respectively.
In §5 we consider the general case where Y does not have a good C∗-action.
Corollary 30 is a similar statement to Corollary 25 in the general case; but
for the lack of algebraizations, it is not clear, at this moment, how the singu-
larities of X ′ are related with those of X . Finally, we shall prove Corollary
31 explained above. In §6 one can find a concrete example of a Poisson de-
formation (Example 32). Example 33 is an example of a singular symplectic
flop. The final section is Appendix, where some well-known results on good
C∗-actions are proved. The main result of Appendix is Corollary A.10. For
a non-compact variety, the analytic category and the algebraic category are
usually quite different. However, Corollary A.10 asserts that when we have
a good C∗-action, they are well-combined.
The author would like to thank A. Fujiki for the discussion on Lemma
A.8 in the Appendix, and D. Kaledin for pointing out that Corollary 30 is not
sufficient for us to claim that X and X ′ have the same kind of singularities.
2 Poisson deformations
(i) Harrison cohomology: Let S be a commutative C-algebra and let A
be a commutative S-algebra. Let Sn be the n-th symmetric group. Then Sn
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acts from the left hand side on the n-tuple tensor product A⊗S ...⊗S A as
π(a1 ⊗ ...⊗ an) := aπ−1(1) ⊗ ...⊗ aπ−1(n),
where π ∈ Sn. This action extends naturally to an action of the group algebra
C[Sn] on A ⊗S ... ⊗S A. For 0 < r < n, an element π ∈ Sn is called a pure
shuffle of type (r, n−r) if π(1) < ... < π(r) and π(r+1) < ... < π(n). Define
an element sr,n−r ∈ C[Sn] by
sr,n−r := Σsgn(π)π,
where the sum runs through all pure shuffles of type (r, n− r). Let N be the
S-submodule of A⊗S A...⊗S A generated by all elements
{sr,n−r(a1 ⊗ ...⊗ an)}0<r<n, ai∈A.
Define chn(A/S) := (A⊗S A...⊗S A)/N . Let M be an A-module. Then the
Harrison chain {ch·(A/S;M)} is defined as follows:
1. chn(A/S;M) := chn(A/S)⊗S M
2. the boundary map ∂n : chn(A/S;M) → chn−1(A/S;M) is defined by
∂n(a1 ⊗ ...⊗ an ⊗m) :=
a1⊗...⊗anm+Σ1≤i≤n−1(−1)
n−ia1⊗...⊗aiai+1⊗...⊗an⊗m+(−1)
na2⊗...⊗an⊗a1m.
We define the n-th Harrison homology Harn(A/S;M) just as the n-th
homology of ch·(A/S;M).
The Harrison cochain {ch·(A/S;M)} is defined as follows
1. chn(A/S;M) := HomS(chn(A/S),M)
2. the coboundary map dn : chn(A/S;M)→ chn+1(A/S;M) is defined by
(dnf)(a1 ⊗ ...⊗ an+1) := (−1)
n+1a1f(a2 ⊗ ...⊗ an+1)
+Σ1≤i≤n(−1)
n+1−if(a1⊗ ...⊗ aiai+1⊗ ...⊗ an+1)+ f(a1⊗ ...⊗ an)an+1.
We define the n-th Harrison cohomology Harn(A/S;M) as the n-th co-
homolgy of ch·(A/S;M).
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Example 1. Assume that S = C. Then ch2(A/C;A) = Sym
2
C
(A)⊗C A
and ch1(A/C;A) = A⊗C A. The boundary map ∂2 is defined as
∂2([a1 ⊗ a2]⊗ a) := a1 ⊗ a2a− a1a2 ⊗ a+ a2 ⊗ a1a.
We see that im(∂2) is a right A-submodule of A ⊗C A. Let I ⊂ A ⊗C A be
the ideal generated by all elements of the form a ⊗ b − b ⊗ a with a, b ∈ A.
Then we have a homomorphism of right A-modules I → (A ⊗C A)/im(∂2).
One can check that its kernel coincides with I2. Hence we have
Ω1A/C
∼= Har1(A/C;A).
In fact, the Harrison chain ch·(A/C;A) is quasi-isomorphic to the cotangent
complex L·A/C for a C-algebra A (cf. [Q]).
Let A and S be the same as above. We put S[ǫ] := S ⊗C C[ǫ], where
ǫ2 = 0. Let us consider the set of all S[ǫ]-algebra structures of the S[ǫ]-module
A⊗S S[ǫ] such that they induce the original S-algebra A if we take the tensor
product of A⊗SS[ǫ] and S over S[ǫ]. We say that two elements of this set are
equivalent if and only if there is an isomorphism of S[ǫ]-algebras between them
which induces the identity map of A over S. We denote by D(A/S, S[ǫ]) the
set of such equivalence classes. Fix an S[ǫ]-algebra structure (A ⊗S S[ǫ], ∗).
Here ∗ just means the corresponding ring structure. Then we define Aut(∗, S)
to be the set of all S[ǫ]-algebra automorphisms of (A⊗SS[ǫ], ∗) which induces
the identity map of A over S.
Proposition 2. Assume that A is a free S module.
(1) There is a one-to-one correspondence between Har2(A/S;A) and
D(A/S, S[ǫ]).
(2) There is a one-to-one correspondence between Har1(A/S;A) and
Aut(∗, S).
Proof. We shall only give a proof to (1). The proof of (2) is left to the
readers. Denote by ∗ a ring structure on A⊗S S[ǫ] = A⊕ Aǫ. For a, b ∈ A,
write
a ∗ b = ab+ ǫφ(a, b)
with some φ : A × A → A. The multiplication of an element of S[ǫ] and
an element of A⊗S S[ǫ] should coincides with the action of S[ǫ] as the S[ǫ]-
module; hence a ∗ ǫ = aǫ and aǫ ∗ ǫ = 0. Then
a ∗ (bǫ) = a ∗ (b ∗ ǫ) = (a ∗ b) ∗ ǫ
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= {ab+ φ(a, b)ǫ} ∗ ǫ = abǫ+ φ(a, b) ∗ (ǫ ∗ ǫ) = abǫ.
Similarly, we have (aǫ) ∗ (bǫ) = 0. Therefore, ∗ is determined completely by
φ. By the commutativity of ∗, φ ∈ HomS(Sym
2
S(A), A). By the associativity:
(a ∗ b) ∗ c = a ∗ (b ∗ c), we get
φ(ab, c) + cφ(a, b) = φ(a, bc) + aφ(b, c).
This condition is equivalent to that φ ∈ Ker(d2), where d2 is the 2-nd
coboundary map of the Harrison cochain. Next let us observe when two ring
structures ∗ and ∗′ are equivalent. As above, we write a ∗ b = ab + ǫφ(a, b)
and a ∗′ b = ab+ ǫφ′(a, b). Assume that a map ψ : A⊕Aǫ→ A⊕Aǫ gives an
equivalence. Then, for a ∈ A, write ψ(a) = a+ f(a)ǫ with some f : A→ A.
One can show that ψ(aǫ) = aǫ. Since ψ(a) ∗′ ψ(b) = ψ(a ∗ b), we see that
φ′(a, b)− φ(a, b) = f(ab)− af(b)− bf(a).
This implies that φ′ − φ ∈ im(d1).
Remark 3. Assume that S is an Artinian ring and A is flat over S.
Then A is a free S-module and for any flat extension A′ of A over S[ǫ],
A′ ∼= A⊗S S[ǫ] as an S[ǫ]-module.
(ii) Poisson cohomology (cf. [Fr 1,2]): Let A and S be the same as
(i). Assume that A is a free S-module. Let us consider the graded free
S-module ch·(A/S) := ⊕0<mchm(A/S) and take its super-symmetric algebra
S(ch·(A/S)). By definition, S(ch·(A/S)) is the quotient of the tensor algebra
T (ch·(A/S)) := ⊕0≤n(ch·(A/S))
⊗n by the two-sided ideal M generated by
the elements of the form: a ⊗ b − (−1)pqb ⊗ a, where a ∈ chp(A/S) and
b ∈ chq(A/S). We denote by S¯(ch·(A/S)) the truncation of the degree 0
part. In other words,
S¯(ch·(A/S)) := ⊕0<n(ch·(A/S))
⊗n/M.
Now let us consider the graded A-module
S¯(ch·(A/S))⊗S A := ch·(A/S)⊗S A⊕ (S
2(ch·(A/S))⊗S A)⊕ ...
The Harrison boundary maps ∂ on ch·(A/S)⊗SA naturally extends to those
on Sn(ch·(A/S))⊗S A. In fact, for ai ∈ chpi(A/S)⊗S A, 1 ≤ i ≤ n, denote
by a1 · · · an ∈ S
n
A(ch·(A/S)⊗S A) their super-symmetric product. We then
define ∂ inductively as
∂(a1...an) := ∂(a1)a2...an + (−1)
p1a1 · ∂(a2...an).
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In this way, each SnA(ch·(A/S)⊗S A) = S
n(ch·(A/S))⊗S A becomes a chain
complex. By taking the dual,
HomA(S
n(ch·(A/S))⊗S A,A)
= HomS(S
n(ch·(A/S)), A)
becomes a cochain complex:
d
x
Hom(ch3, A) ... ...
d
x d
x d
x
Hom(ch2, A) Hom(ch2 ⊗ ch1, A) ...
d
x d
x d
x
Hom(ch1, A) Hom(∧
2ch1, A) Hom(∧
3ch1, A) ...
(1)
Here we abbreviate chi(A/S) by chi and HomS(...) by Hom(...). We want
to make the diagram above into a double complex when A is a Poisson S-
algebra.
Definition. A Poisson S-algebra A is a commutaive S-algebra with an
S-linear map
{ , } : ∧2SA→ A
such that
1. {a, {b, c}}+ {b, {c, a}}+ {c, {a, b}} = 0
2. {a, bc} = {a, b}c+ {a, c}b.
We assume now that A is a Poisson S-module such that A is a free S-
module. We put T¯S(A) := ⊕0<n(A)
⊗n. We shall introduce an S-bilinear
bracket product
[ , ] : T¯S(A)× T¯S(A)→ T¯S(A)
in the following manner. Take two elements from T¯S(A): f = f1⊗ ...⊗fp and
g = g1 ⊗ ... ⊗ gq. Here each fi and each gi are elements of A. Let π ∈ Sp+q
2 POISSON DEFORMATIONS 9
be a pure shuffle of type (p, q). For the convention, we put fi+p := gi. Then
the shuffle product is defined as
f · g := Σsgn(π)fπ(1) ⊗ ...⊗ fπ(p+q),
where the sum runs through all pure shuffle of type (p, q). For each term of
the sum (which is indexed by π), let Iπ be the set of all i such that π(i) ≤ p
and π(i+1) ≥ p+1 (which implies that fπ(i+1) = gπ(i+1)−p). Then we define
[f, g] as
Σsgn(π)(Σi∈Ipi(−1)
i+1fπ(1) ⊗ ...⊗ {fπ(i), fπ(i+1)} ⊗ ...⊗ fπ(p+q)).
The bracket [ , ] induces that on ch·(A/S) by the quotient map T¯S(A)→
ch·(A/S). By abuse of notation, we denote by [ , ] the induced bracket. We
are now in a position to define coboundary maps
δ : HomS(S
s−1(ch·(A/S)), A)→ HomS(S
s(ch·(A/S)), A)
so that HomS(S¯(ch·(A/S)), A) is made into a double complex together with
d already defined. We take an element of the form x1 · · ·xs from S
s(ch·(A/S))
with each xi being a homogenous element of ch·(A/S).
For f ∈ HomS(S¯
s−1(ch·(A/S)), A), we define
δ(f)(x1...xs) :=
∑
1≤i≤s
(−1)σ(i)[xi, f(x1 · · · x˘i · · · xs)]
−
∑
i<j
(−1)τ(i,j)f([xi, xj ] · · · x˘i · · · x˘j · · · xs).
Here [ , ] is the composite of [ , ] and the truncation map ch·(A/S) →
ch1(A/S)(= A). Moreover,
σ(i) := deg(xi) · (deg(x1) + ... + deg(xi−1))
and
τ(i, j) := deg(xi)(degx1 + ...+ degxi−1)
+deg(xj)(deg(x1) + ... + ˘deg(xi) + ...+ deg(xj−1)).
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We now obtain a double complex (HomS(S¯(ch·(A/S)), A), d, δ). The n-
th Poisson cohomology HPn(A/S) for a Poisson S-algebra A is the n-th
cohomology of the total complex (by d+ δ) of this double complex.
d
x
Hom(ch3, A)
δ
−−−→ ... ...
d
x d
x d
x
Hom(ch2, A)
δ
−−−→ Hom(ch2 ⊗ ch1, A)
δ
−−−→ ...
d
x d
x d
x
Hom(ch1, A)
δ
−−−→ Hom(∧2ch1, A)
δ
−−−→ Hom(∧3ch1, A) ...
(2)
Example 4. We shall calculate δ explicitly in a few cases. As in the
diagram above, we abbreviate HomS by Hom, and chi(A/S) by chi.
(i) Assume that f ∈ Hom(ch1, A).
δ(f)(a ∧ b) = {a, f(b)}+ {f(a), b} − f({a, b}).
(ii) Assume that ϕ ∈ Hom(ch2, A). For (a, b) ∈ Sym
2
S(A)(= ch2), and for
c ∈ A(= ch1),
δ(ϕ)((a, b) · c) = [(a, b), ϕ(c)] + [c, ϕ(a, b)]− ϕ([(a, b), c])
= {c, ϕ(a, b)} − ϕ({c, b}, a)− ϕ({c, a}, b).
(iii) Assume that ψ ∈ Hom(∧2ch1, A).
δ(ψ)(a ∧ b ∧ c) = {a, ψ(b, c)}+ {b, ψ(c, a)}+ {c, ψ(a, b)}
+ψ(a, {b, c}) + ψ(b, {c, a}) + ψ(c, {a, b}).
Let A be a Poisson S-algebra such that A is a free S-module. We put
S[ǫ] := S ⊗C C[ǫ], where ǫ
2 = 0. Let us consider the set of all Poisson S[ǫ]-
algebra structures on the S[ǫ]-module A ⊗S S[ǫ] such that they induce the
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original Poisson S-algebra A if we take the tensor product of A⊗S S[ǫ] and
S over S[ǫ]. We say that two elements of this set are equivalent if and only if
there is an isomorphism of Poisson S[ǫ]-algebras between them which induces
the identity map of A over S. We denote by PD(A/S, S[ǫ]) the set of such
equivalence classes. Fix a Poisson S[ǫ]-algebra structure (A⊗S S[ǫ], ∗, { , }).
Then we define Aut(∗, { , }, S) to be the set of all automorphisms of Poisson
S[ǫ]-algebras of (A⊗S S[ǫ], ∗, { , }) which induces the identity map of A over
S.
Proposition 5. (1) There is a one-to-one correspondence between
HP 2(A/S) and PD(A/S, S[ǫ]).
(2) There is a one-to-one correspondence between HP 1(A/S) and
Aut(∗, { , }, S).
Proof. (1): As explained in Proposition 2, giving an S[ǫ]-algebra structure
∗ on A ⊕ Aǫ is equivlaent to giving ϕ ∈ HomS(Sym
2
S(A), A) with d(ϕ) = 0
such that a ∗ b = ab + ǫϕ(a, b). Assume that { , }ǫ is a Poisson bracket on
(A⊕Aǫ, ∗) which is an extension of the original Poisson bracket { , } on A.
We put
{a, b}ǫ = {a, b}+ ψ(a, b)ǫ.
Since {a, bǫ}ǫ = {a, b ∗ ǫ}ǫ = {a, b}ǫ and {aǫ, bǫ} = 0, the Poisson structure
{ , }ǫ is completely determined by ψ. By the skew-commutativity of { , },
ψ ∈ HomS(∧
2
SA,A). The equality
{a, b ∗ c}ǫ = {a, b}ǫ ∗ c+ {a, c}ǫ ∗ b
is equivalent to the equality
(⋆) : ψ(a, bc)− cψ(a, b)− bψ(a, c)
= ϕ({a, b}, c) + ϕ({a, c}, b)− {a, ϕ(b, c)}.
The equality
{a, {b, c}ǫ}ǫ + {b, {c, a}ǫ}ǫ + {c, {a, b}ǫ}ǫ = 0
is equivalent to the equality
(⋆⋆) : ψ(a, {b, c}) + ψ(b, {c, a}) + ψ(c, {a, b})
+{a, ψ(b, c)}+ {b, ψ(c, a)}+ {c, ψ(a, b)} = 0.
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We claim that the equality (⋆) means δ(ϕ) + d(ψ) = 0 in the diagram:
Hom(Sym2(A), A)
δ
→ Hom(Sym2(A)⊗ A,A)
d
← Hom(∧2A,A).
By Example 4, (ii), we have shown that
δ(ϕ)((a, b) · c) = {c, ϕ(a, b)} − ϕ({c, b}, a)− ϕ({c, a}, b).
On the other hand, for the Harrison boundary map
∂ : Sym2(A)⊗S A⊗S A→ ∧
2A⊗S A,
we have
∂((a, b)⊗ c⊗ 1) = b(a ∧ c)− ab ∧ c+ a(b ∧ c).
Since d is defined as the dual map of ∂, we see that
dψ((a, b) · c) = ψ(c, ab)− aψ(c, b)− bψ(c, a).
As a consequence, we get
(δϕ+ dψ)((a, b) · c) = ψ(c, ab)− aψ(c, b)− bψ(c, a)
+{c, ϕ(a, b)} − ϕ({c, b}, a)− ϕ({c, a}, b).
By changing a and c each other, we conclude that δ(ϕ) + d(ψ) = 0.
By the equality (⋆⋆) and Example 4, (iii), we see that (⋆⋆) means δ(ψ) = 0
for the map δ : Hom(∧2A,A) → Hom(∧3A,A). Next, let us observe when
two Poisson structures (ϕ, ψ) and (ϕ′, ψ′) (on A⊕Aǫ) are equivalent. Assume
that, for f ∈ HomS(A,A),
χf : A⊕Aǫ→ A⊕ Aǫ
gives such an equivalence between both Poisson structures, where χf (a) =
a + f(a)ǫ, χf(aǫ) = aǫ for a ∈ A. Since χf gives an equivalence of S[ǫ]-
algebras,
(ϕ′ − ϕ)(a, b) = f(ab)− af(b)− bf(a) = −d(f)(a, b)
by Proposition 2. The map χf must be compatible with two Poisson struc-
ture:
{χf (a), χf(b)}
′
ǫ = χf({a, b}ǫ).
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The left hand side equals
{a, b}+ [φ′(a, b) + {a, f(b)}+ {f(a), b}]ǫ.
The right hand side equals
{a, b}+ [f({a, b}) + ψ(a, b)]ǫ.
Thus, we have
(ψ′ − ψ)(a, b) = −δ(f)(a, b),
and the proof of (1) is now complete. We omit the proof of (2).
We next consider the case where A is formally smooth over S. We put
ΘA/S := HomA(Ω
1
A/S, A). We make ⊕i>0 ∧
i
AΘA/S into a complex by defining
the coboundary map
δ : ∧iΘA/S → ∧
i+1ΘA/S
as
δf(da1 ∧ ... ∧ dai+1) :=
∑
j
(−1)j+1{aj, f(da1 ∧ ... ∧ ˘daj ∧ ... ∧ dai+1)}
−
∑
j<k
(−1)j+k+1f(d{aj, ak}) ∧ da1 ∧ ... ∧ ˘daj ∧ ... ∧ ˘dak ∧ ... ∧ dai+1),
for f ∈ ∧iΘA/S = HomA(Ω
i
A/S , A). This complex is called the Lichnerowicz-
Poisson complex. One can connect this complex with our Poisson cochain
complex C·(A/S). In fact, there is a map ch1⊗S A→ Ω
1
A/S (cf. Example 1).
This map induces, for each i, ∧ich1(A/S)⊗S A→ Ω
i
A/S. By taking the dual,
we get
∧iΘA/S → HomA(∧
ich1(A/S)⊗S A,A) = Hom(∧
ichi(A/S), A).
By these maps, we have a map of complexes
∧·ΘA/S → C
·(A/S).
Proposition 6. For a Poisson S-algebra A, assume that A is for-
mally smooth over S and that A is a free S-module. Then (∧·ΘA/S, δ) →
(C·(A/S), d+ δ) is a quasi-isomorphism.
For the proof of Proposition 6, see Fresse [Fr 1], Proposition 1.4.9.
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Definition. Let T := Spec(S) and X a T -scheme. Then (X, { , }) is a
Poisson scheme over T if { , } is an OT -linear map:
{ , } : ∧2OTOX → OX
such that, for a, b, c ∈ OX ,
1. {a, {b, c}}+ {b, {c, a}}+ {c, {a, b}} = 0
2. {a, bc} = {a, b}c+ {a, c}b.
We assume thatX is a smooth Poisson scheme over T , where T = Spec(S)
with a local Artinian C-algebra S with S/mS = C. Then the Lichnerowicz-
Poisson complex can be globalized 1 to the complex on X
LC·(X/T ) := (∧·ΘX/T , δ).
We define the i-th Poisson cohomology as
HPi(X/T ) := Hi(X,LC·(X/T )).
Remark 7. When X = Spec(A), HPi(X/T ) = HPi(A/S). In fact, there
is a spectral sequence induced from the stupid filtration:
Ep,q1 := H
q(X,LCp(X/T )) => HPi(X/T ).
Since each LCp(X/T ) is quasi-coherent on the affine scheme X ,Hq(X,LCp) =
0 for q > 0. Therefore, this spectral sequence degenerate at E2-terms and we
have
HPi(X/T ) = H i(Γ(X,LC·)),
where the right hand side is nothing but HP i(A/S) by Proposition 6.
One can generalize Proposition 5 to smooth Poisson schemes. Let S be
an Artinian C-algebra and put T := Spec(S). Let X be a Poisson T -scheme
which is smooth over T . We put T [ǫ] := SpecS[ǫ] with ǫ2 = 0. A Poisson
deformation X of X over T [ǫ] is a Poisson T [ǫ]-algebra such that X is flat
over T [ǫ] and there is a Poisson isomorphism X ×T [ǫ] T ∼= X over T . Two
Poisson deformations X and X ′ are equivalent if there is an isomorphism
X ∼= X ′ as Poisson T [ǫ]-schemes such that it induces the identity map of X
1The definition of the Poisson cochain complex is subtle because the sheafication of
each component of the Harrison complex is not quasi-coherent (cf. [G-K])
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over T . Denote by PD(X/T, T [ǫ]) the set of equivalence classes of Poisson
deformations of X over T [ǫ]. For a Poisson deformation X of X over T [ǫ],
we denote by Aut(X , T ) the set of all automorphisms of X as a Poisson
T [ǫ]-scheme such that they induce the identity map of X over T .
Proposition 8. (1) There is a one-to-one correspondence between HP2(X/T )
and PD(X/T, T [ǫ]).
(2) For a Poisson deformation X of X over T [ǫ], there is a one-to-one
correspondence between HP1(X/T ) and Aut(X , T ).
Proof. We only prove (1). For an affine open covering U := {Ui}i∈I of X ,
construct a double complex Γ(LC·(U , X/T )) as follows:
δ
x δ
x
∏
i0
Γ(LC2(Ui0/T )) −−−→
∏
i0,i1
Γ(LC2(Ui0i1/T )) −−−→ ...
δ
x δ
x
∏
i0
Γ(LC1(Ui0/T )) −−−→
∏
i0,i1
Γ(LC1(Ui0,i1/T )) −−−→ ...
(3)
Here the horizontal maps are Cˇech coboundary maps. Since each LCp
is quasi-coherent, one can calculate the Poisson cohomology by the total
complex associated with this double complex:
HPi(X/T ) = H i(Γ(LC·(U , X/T ))).
An element ζ ∈ HP2(X/T ) corresponds to a 2-cocycle
(
∏
ζi0 ,
∏
ζi0,i1) ∈
∏
i0
Γ(LC2(Ui0/T ))⊕
∏
i0,i1
Γ(LC1(Ui0i1/T )).
By Proposition 5, (1), ζi0 determines a Poisson deformation Ui0 of Ui0 over
T [ǫ]. Moreover, ζi0i1 determines a Poisson isomorphism Ui0 |Ui0i1
∼= Ui1 |Ui0i1 .
One can construct a Poisson deformation of X of X by patching together
{Ui0}. Conversely, a Poisson deformation X is obtained by patching together
local Poisson deformations Ui of Ui for an affine open covering {Ui}i∈I of
X . Each Ui determines ζi ∈ Γ(LC
2(Ui/T )), and each Poisson isomorphism
Ui|Uij
∼= Uj |Uij determines ζij ∈ Γ(LC
1(Uij)). Then
(
∏
ζi,
∏
ζij) ∈
∏
i
Γ(LC2(Ui/T ))⊕
∏
i,j
Γ(LC1(Uij/T ))
is a 2-cocycle: hence gives an element of 2-nd Cˇech cohomology.
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3 Symplectic varieties
Assume that X0 is a non-singular variety over C of dimension 2d. Then X0
is called a symplectic manifold if there is a 2-form ω0 ∈ Γ(X0,Ω
2
X0
) such that
dω0 = 0 and ∧
dω0 is a nowhere-vanishing section of Ω
2d
X0
. The 2-form ω0 is
called a symplectic form, and it gives an identification Ω1X0
∼= ΘX0. For a local
section f of OX0 , the 1-form df corresponds to a local vector field Hf by this
identification. We say that Hf is the Hamiltonian vector field for f . If we
put {f, g} := ω(Hf , Hg), then X0 becomes a Poisson scheme over Spec(C).
Now let us consider a Poisson deformation X of X0 over T := Spec(S) with
a local Artinian C-algebra S with S/mS = C. The Poisson bracket { , }
on X can be written as {f, g} = Θ(df ∧ dg) for a relative bi-vector (Poisson
bi-vector) Θ ∈ Γ(X,∧2ΘX/T ). The restriction of Θ to the central fiber X is
nothing but the Poisson bi-vector for the original Poisson structure, which
is non-degenerate because it is defined via the symplectic form ω0. Hence Θ
is also a non-degenerate relative bi-vector. It gives an identification of ΘX/T
with Ω1X/T . Hence Θ ∈ Γ(X,∧
2ΘX/T ) defines an element ω ∈ Γ(X,Ω
2
X/T )
that restricts to ω0 on X0. One can define the Hamiltonian vector field
Hf ∈ ΘX/T for f ∈ OX .
Proposition 9. Assume that X is a Poisson deformation of a symplectic
manifold X0 over an Artinian base T . Then LC
·(X/T ) is quasi-isomorphic
to the truncated De Rham complex (Ω≥1X/T , d).
Proof. By the symplectic form ω, we have an identification φ : ΘX/T ∼=
Ω1X/T ; hence, for each i ≥ 1, we get ∧
iΘX/T ∼= Ω
i
X/T , which we denote also
by φ (by abuse of notation). We shall prove that φ ◦ δ(f) = dφ(f) for
f ∈ ∧iΘX/T . In order to do that, it suffices to check this for the f of the
form: f = αf1∧ ...∧ fi with α ∈ OX , f1, ..., fi ∈ ΘX/T . It is enough to check
that
dφ(f)(Ha1 ∧ ... ∧Hai+1) = δf(da1 ∧ ... ∧ dai+1).
We shall calculate the left hand side. In the following, for simplicity, we
will not write the ± signature exactly as (−1)..., but only write ± because it
does not cause any confusion. We have
(L.H.S.) = d(αω(f1, ·) ∧ ... ∧ ω(fi, ·))(Ha1 ∧ ... ∧Hai+1)
=
∑
1≤j≤i+1
(−1)j+1(
∑
{l1,...,li}={1,...,j˘,...,i+1}
±Haj (αω(f1, Hal1 ) · · · ω(fi, Hali ))
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+
∑
1≤j<k≤i+1
(−1)j+k(
∑
{l1,...,l˘,...,li}={1,...,j˘,...,k˘,...,i+1}
±αω(f1, Hal1 )× ...
...× ω(fl, [Haj , Hak ])× ...× ω(fi, Hali ))
=
∑
1≤j≤i+1
(−1)j+1(
∑
±Haj (αf1(dal1) · · · fi(dali)))
+
∑
1≤j<k≤i+1
(−1)j+k(
∑
±αf1(dal1) · · · fl(d{aj, ak}) · · · fi(dali))
=
∑
1≤j≤i+1
(−1)j+1Haj (αf(da1 ∧ ... ∧
˘daj ∧ ... ∧ dai+1))
+
∑
1≤j<k≤i+1
(−1)j+kαf(d{aj, ak} ∧ da1 ∧ ... ∧ ˘daj ∧ ... ∧ ˘dak ∧ ... ∧ dai+1)
=
∑
1≤j≤i+1
(−1)j+1{aj, αf(da1 ∧ ... ∧ ˘daj ∧ ... ∧ dai+1)}
+
∑
1≤j<k≤i+1
(−1)j+kαf(d{aj, ak} ∧ ... ∧ ˘daj ∧ ... ∧ ˘dak ∧ ... ∧ dai+1)
= (R.H.S.).
Corollary 10. Assume that X is a Poisson deformation of a symplectic
manifold X0 over an Artinian base T . If H
1(X,OX) = H
2(X,OX) = 0,
then HP2(X/T ) = H2((X0)
an, S), where (X0)
an is a complex analytic space
associated with X0 and S is the constant sheaf with value in S.
Proof. By the distinguished triangle
Ω≥1X/T → Ω
·
X/T → OX
[1]
→ Ω≥1X/T [1]
we have an exact sequence
→ HPi(X/T )→ Hi(Ω·X/T )→ H
i(OX)→ .
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Here Hi(X,Ω·X/T )
∼= H i((X0)
an, S); from this we obtain the result. We prove
this by an induction of length
C
(S). We take t ∈ S such that t ·mS = 0. For
the exact sequence
0→ C
t
→ S → S¯ → 0,
define X¯ := X ×T T¯ , where T¯ := Spec(S¯). Then we obtain a commutative
diagrams of exact sequences:
−−−→ Hi(X0,Ω
·
X0
) −−−→ Hi(X,Ω·X/T ) −−−→ H
i(X¯,Ω·
X¯/T¯
)
∼=
y
y ∼=
y
−−−→ Hi((X0)
an,Ω·(X0)an) −−−→ H
i(Xan,Ω·Xan/T ) −−−→ H
i(X¯an,Ω·
X¯an/T¯
)
(4)
By a theorem of Grothendieck [G], the first vertical maps are isomor-
phisms and the third vertical maps are isomorphisms by the induction. Hence
the middle vertical maps are also isomorphisms. By the Poincare lemma (cf.
[De]). we know that Hi(Xan,Ω·Xan/T )
∼= H i((X0)
an, S).
Example 11. When f : X → T is a proper smooth morphism of C-
schemes, by GAGA, we have
Rif∗Ω
·
X/T ⊗OT OTan
∼= Ri(fan)∗C⊗C OTan
without the Artinian condition for T . But when f is not proper, the structure
of Rif∗Ω
·
X/T is complicated. For example, Put X := C
2 \ {xy = 1}, where
x and y are standard coordinates of C2. Let f : X → T := C be the map
defined by (x, y) → x. Set Tˆ := SpecC[[x]] and Tn := SpecC[x]/(x
n+1).
Define Xˆ := X ×T Tˆ and define fˆ to be the natural map from Xˆ → Tˆ .
Finally put Xn := X ×T Tn. Then
1. R1f∗Ω
·
X/T is a quasi-coherent sheaf on T , and R
1f∗Ω
·
X/T |T\{0} is an
invertible sheaf.
2. proj.lim H1(Xn,Ω
·
Xn/Tn
) = 0.
Definition. Let X0 be a normal variety of dimenson 2d over C and let
U0 be its regular part. Then X0 is a symplectic variety if U0 admits a 2-form
ω0 such that
1. dω0 = 0,
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2. ∧dω0 is a nowhere-vanishing section of ∧
dΩ1U0 ,
3. for any resolution π : Y0 → X0 of X0 with π
−1(U0) ∼= U0, ω0 extends to
a (regular) 2-form on Y0.
If X0 is a symplectic variety, then U0 becomes a Poisson scheme. Since
OX0 = (j0)∗OU0, the Poisson bracket { , } on U0 uniquely extends to that
on X0. Thus X0 is a Poisson scheme. By definition, its Poisson bi-vector
Θ0 is non-degenerate over U0. The Θ0 identifies ΘU0 with Ω
1
U0
; by this iden-
tification, Θ0|U0 corresponds to ω0. A symplectic variety X0 has rational
Gorenstein singularities; in other words, X has canonical singularities of in-
dex 1. When X0 has only terminal singularities, Codim(Σ0 ⊂ X0) ≥ 4 for
Σ0 := Sing(X0).
Definition. Let X0 be a symplectic variety. Then X0 is convex if there
is a birational projective morphism from X0 to an affine normal variety Y0.
In this case, Y0 is isomorphic to SpecΓ(X0,OX0).
Lemma 12. Let Xn be a Poisson deformation of a convex symplectic
variety X0 over Tn := Spec(Sn) with Sn := C[t]/(t
n+1). We define Un ⊂ Xn
to be locus where Xn → Sn is smooth. Assume that X0 has only terminal
singularities. Then HP2(Un/Tn) ∼= H
2((U0)
an, Sn), where Sn is the constant
sheaf over (U0)
an with value in Sn.
Proof. Since X0 has terminal singularities, X0 is Cohen-Macaulay and
Codim(Σ0 ⊂ X0) ≥ 4. Similarly, Xn is Cohen-Macaulay and Codim(Σn ⊂
Xn) ≥ 4 for Σn := Sing(Xn → Tn). The affine normal variety Y0 has sym-
plectic singularities; hence Y0 has rational singularities. This implies that
H i(X0,OX0) = 0 for i > 0. Since X0 is Cohen-Macaulay and Codim(Σ0 ⊂
X0) ≥ 4, we see thatH
1(U0,OU0) = H
2(U0,OU0) = 0 by the depth argument.
By using the exact sequences
0→ OU0
tk
→ OUk → OUk−1 → 0
inductively, we conclude that H1(OUn) = H
2(OUn) = 0. Then, by Corollary
10, we have HP2(Un/Tn) ∼= H
2((U0)
an, Sn).
Let Xn be the same as Lemma 12. Put Tn[ǫ] := Spec(Sn[ǫ]) with ǫ
2 = 0.
As in Proposition 8, we define PD(Xn/Tn, Tn[ǫ]) to be the set of equivalence
classes of the Poisson deformations of Xn over Tn[ǫ]. Let Xn be a Poisson
deformation of Xn over Tn[ǫ]. Then we denote by Aut(Xn, Tn) the set of all
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automorphisms of Xn as a Poisson Tn[ǫ]-scheme such that they induce the
identity map of Xn over Tn. Then we have:
Proposition 13.
(1) There is a one-to-one correspondence between HP2(Un/Tn) and
PD(Xn/Tn, Tn[ǫ]).
(2) There is a one-to-one correspondence between HP1(Un/Tn) and
Aut(Xn.Tn).
Proof. Assume that Un is a Poisson deformation of Un over Tn[ǫ]. Since
Codim(Σn ⊂ Xn) ≥ 3 and Xn is Cohen-Macaulay, by [K-M, 12.5.6],
Ext1(Ω1Xn/Tn ,OXn)
∼= Ext1(Ω1Un/Tn ,OUn).
This implies that, over Tn[ǫ], Un extends uniquely to an Xn so that it gives
a flat deformation of Xn. Let us denote by j : Un → Xn the inclusion map.
Then, by the depth argument, we see that OXn = j∗OUn . Therefore, the
Poisson structure on Un also extends uniquely to that on Xn. Now Proposi-
tion 8 implies (1). As for (2), let Un be the locus of Xn where Xn → Tn[ǫ] is
smooth. Then, we see that
Aut(Un, Tn) = Aut(Xn, Tn),
which implies (2) again by Proposition 8.
Let X be a convex symplectic variety with terminal singularities. We
regard X as a Poisson scheme by the natural Poisson structure { , } induced
by the symplectic form on the regular locus U := (X)reg. For a local Artinian
C-algebra S with S/mS = C, we define PD(S) to be the set of equivalence
classes of the pairs of Poisson deformations X of X over Spec(S) and Poisson
isomorphisms φ : X ×Spec(S) Spec(C) ∼= X . Here (X , φ) and (X
′, φ′) are
equivalent if there is a Poisson isomorphism ϕ : X ∼= X ′ over Spec(S) which
induces the identity map of X over Spec(C) via φ and φ′. We define the
Poisson deformation functor:
PD(X,{ , }) : (Art)C → (Set)
by PD(S) for S ∈ (Art)C.
Theorem 14. Let (X, { , }) be a Poisson scheme associated with a
convex symplectic varieties with terminal singularities. Then PD(X,{ , }) has
a pro-reprentable hull in the sense of Schlessinger. Moreover PD is pro-
representable.
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Proof. We have to check Schlessinger’s conditions [Sch] for the existence
of a hull. By Proposition 13, PD(C[ǫ]) = H2(Uan,C) <∞. Other conditions
are checked in a similar way as the case of usual deformations. For the last
statement, we have to prove the following. Let X be a Poisson deformation
of X over an Artinian base T , and let X¯ be its restriction over a closed
subscheme T¯ of T . Then, any Poisson automorphism of X¯ over T¯ inducing
the identity map on X , extends to a Poisson automorphism of X over T . Let
R be the pro-representable hull of PD and put Rn := R/(mR)
n+1. Take a
formal versal Poisson deformation {Xn} over {Rn}. Note that, if we are given
an Artinian local R-algebra S with residue field C, then we get a Poisson
deformation XS of X over Spec(S). We then define Aut(S) to be the set
of all Poisson automorphisms of XS over Spec(S) which induce the identity
map of X . Let
Aut : (Art)R → (Set)
be the covariant functor defined in this manner. We want to prove that
Aut(S) → Aut(S¯) is surjective for any surjection S → S¯. It is enough to
check this only for a small extension S → S¯, that is, the kernel I of S → S¯
is generated by an element a such that amS = 0. For each small extension
S → S¯, one can define the obstruction map
ob : Aut(S¯)→ a · HP2(U)
in such a way that any element φ ∈ Aut(S¯) can be lifted to an element of
Aut(S) if and only if ob(φ) = 0. The obstruction map is constructed as
follows. For φ ∈ Aut(S¯), we have two Poisson extensions XS¯ → XS and
XS¯
φ
→ XS¯ → XS. This gives an element of a ·HP
2(U) (cf. Proposition 13 2).
Obviously, if this element is zero, then these two extensions are equivalent
and φ extends to a Poisson automorphism of XS.
Case 1 (S = Sn+1 and S¯ := Sn): We put Sn := C[t]/(t
n+1). We shall
prove that Aut(Sn+1) → Aut(Sn) is surjective. Taking Proposition 13, (2)
into consideration, we say that X has T 0-lifting property if, for any Poisson
deformation Xn of X over Tn := Spec(Sn) and its restriction Xn−1 over
2Exactly, one can prove the following. Let T := Spec(S) with a local Artinian C-
algebra S with S/ms = C. Let X → T be a Poisson deformation of a convex symplectic
variety X0 with only terminal singularities. Assume that T is a closed subscheme of T
′
defined by the ideal sheaf I = (a) such that a ·mS′ = 0. Denote by PD(X/T, T ′) the set
of equivalence classes of Poisson deformations of X over T ′. If PD(X/T, T ′) 6= ∅, then
HP2(U0) ∼= PD(X/T, T ′).
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Tn−1 := Spec(Sn−1), the natural map HP
1(Un/Tn) → HP
1(Un−1/Tn−1) is
surjective.
Claim. X has T 0-lifting property.
Proof. Note that Xn is Cohen-Macaulay. Let Un be the locus of Xn where
Xn → Tn is smooth. We put
Kn := Coker[H
0(Uan, Sn)→ H
0(Un,OUn)].
By the proof of Corollary 10, there is an exact sequence
0→ Kn → HP
1(Un/Tn)→ H
1(Uan, Sn)→ 0.
Since H1(U,OU) = 0, the restriction map H
0(Un,OUn) → H
0(Un−1,OUn−1)
is surjective. Hence the map Kn → Kn−1 is surjective. On the other hand,
H1(Uan, Sn)→ H
1(Uan, Sn−1) is also surjective; hence the result follows.
Note that t→ t+ ǫ induces the commutative diagram of exact sequences:
0 −−−→ (tn+1) −−−→ Sn+1 −−−→ Sn −−−→ 0
∼=
y
y
y
0 −−−→ (tnǫ) −−−→ Sn[ǫ] −−−→ Sn−1[ǫ]×Sn−1 Sn −−−→ 0
(5)
Applying Aut to this diagram, we obtain
Aut(Sn+1) −−−→ Aut(Sn)
ob
−−−→ tn+1 · HP2(U)y
y ∼=
y
Aut(Sn[ǫ]) −−−→ Aut(Sn−1[ǫ]×Sn−1 Sn)
ob
−−−→ tnǫ ·HP2(U)
(6)
The T 0-lifting property implies that the map Aut(Sn[ǫ])→ Aut(Sn−1[ǫ]×Sn−1
Sn) is surjective. Hence, by the commutative diagram, we see that Aut(Sn+1)→
Aut(Sn) is surjective.
Case 2 (general case): For any small extension S → S¯, one can find the
following commutative diagram for some n:
0 −−−→ aS −−−→ S −−−→ S¯ −−−→ 0
∼=
y
y
y
0 −−−→ (tn+1) −−−→ Sn+1 −−−→ Sn −−−→ 0
(7)
3 SYMPLECTIC VARIETIES 23
Applying Aut to this diagram, we get:
Aut(S) −−−→ Aut(S¯)
ob
−−−→ a ·HP2(U)y
y ∼=
y
Aut(Sn+1) −−−→ Aut(Sn)
ob
−−−→ tn+1 · HP2(U)
(8)
By Case 1, we already know that Aut(Sn+1)→ Aut(Sn) is surjective. By
the commutative diagram we see that Aut(S)→ Aut(S¯) is surjective.
Corollary 15. Let (X, { , }) be the same as Theorem 14. Then
(1) X has T 1-lifting property. (cf. [Kaw, Na 5])
(2) PD(X,{ , }) is unobstructed.
Proof. (1): We put Sn := C[t]/(t
n+1) and Tn := Spec(Sn). Let Xn
be a Poisson deformation of X over Tn and let Xn−1 be its restriction
over Tn−1. By Proposition 13,(1), we have to prove that HP
2(Un/Tn) →
HP2(Un−1/Tn−1) is surjective. By Lemma 12, HP
2(Un/Tn) ∼= H
2(Uan, Sn).
Since H2(Uan, Sn) = H
2(Uan,C)⊗C Sn, we conclude that this map is surjec-
tive.
(2): By Theorem 14, PD has a pro-representable hull R. Denote by hR :
(Art)C → (Set) the covariant functor defined by hR(S) := Homlocal C−alg.(R, S).
Since PD is pro-representable by Theorem 14, hR = PD. We write R as
C[[x1, ..., xr]]/J with r := dimCmR/(mR)
2. Let S and S0 be the objects of
(Art)C such that S0 = S/I with an ideal I such that ImS = 0. Then we
have an exact sequence (cf. [Gr, (1.7)])
hR(S)→ hR(S0)
ob
→ (J/mRJ)
∗ ⊗C I.
By sending t to t+ǫ, we have the commutative diagram of exact sequences:
0 −−−→ (tn+1) −−−→ Sn+1 −−−→ Sn −−−→ 0
∼=
y
y
y
0 −−−→ (tnǫ) −−−→ Sn[ǫ] −−−→ Sn−1[ǫ]×Sn−1 Sn −−−→ 0
(9)
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Applying hR to this diagram, we obtain
hR(Sn+1) −−−→ hR(Sn)
ob
−−−→ tn+1 ⊗ (J/mRJ)
∗
y
y ∼=
y
hR(Sn[ǫ]) −−−→ hR(Sn−1[ǫ]×Sn−1 Sn)
ob
−−−→ tnǫ⊗ (J/mRJ)
∗
(10)
By (1), we see that hR(Sn[ǫ])→ hR(Sn−1[ǫ]×Sn−1 Sn) is surjective. Then,
by the commutative diagram, we conclude that hR(Sn+1) → hR(Sn) is sur-
jective.
Twistor deformations (cf. [Ka 1]): Let X be a convex symplectic
variety with terminal singularities. We put U := Xreg. Let { , } be the
natural Poisson structure on X defined by the symplectic form ω on U . Fix
a line bundle L on Xan. Define a class [L] of L as the image of L by the map
H1(Uan,O∗Uan)→ H
2(Uan,Ω·Uan)
∼= H2(Uan,C).
We put Sn := C[t]/(t
n+1) and Tn := Spec(Sn). By Proposition 13, (1), the
element [L] ∈ H2(Uan,C) determines a Poisson deformation X1 of X over
T1. We shall construct Poisson deformations Xn over Tn inductively. Assume
that we already have a Poisson deformation Xn over Tn. Define Xn−1 to be
the restriction of Xn over Tn−1. Since H
1(Xan,OXan) = H
2(Xan,OXan) = 0,
L extends uniquely to a line bundle Ln on (Xn)
an. Denote by Ln−1 the
restriction of Ln to (Xn−1)
an. Consider the map Sn → Sn−1[ǫ] defined by
t→ t+ ǫ. This map induces
PD(Sn)→ PD(Sn−1[ǫ]).
The class [Ln−1] ∈ H
2(Uan, Sn−1) determines a Poisson deformation (Xn−1)
′
of Xn−1 over Tn−1[ǫ]. Assume that Xn satisfies the condition
(∗)n : [Xn] ∈ PD(Sn) is sent to [(Xn−1)
′] ∈ PD(Sn−1[ǫ]).
Note that X1 actually has this property. We shall construct Xn+1 in such
a way that Xn+1 satisfies (∗)n+1. Look at the commutative diagram:
PD(Sn+1) −−−→ PD(Sn)y
y
PD(Sn[ǫ]) −−−→ PD(Sn−1[ǫ]×Sn−1 Sn)
(11)
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Note that we have an element
[Xn ← Xn−1 → (Xn−1)
′)] ∈ PD(Sn−1[ǫ]×Sn−1 Sn).
Identifying HP2(Un/Tn) with H
2(Uan, Sn), [Ln] is sent to [Ln−1] by the map
HP2(Un/Tn)→ HP
2(Un−1/Tn−1).
Now, by Proposition 13,(1), we get a lifting [(Xn)
′] ∈ PD(Sn[ǫ]) of
[Xn ← Xn−1 → (Xn−1)
′)] ∈ PD(Sn−1[ǫ]×Sn−1 Sn)
corresponding to [Ln]. By the standard argument used in T
1-lifting principle
(cf. proof of Corollary 15, (2)), one can find a Poisson deformation Xn+1
such that [Xn+1] ∈ PD(Sn+1) is sent to [(Xn)
′] ∈ PD(Sn[ǫ]) in the diagram
above. Moreover, since PD is pro-representable, such [Xn+1] is unique. By
the construction, Xn+1 satisfies (∗)n+1. This construction do not need the
sequence of line bundles Ln on (Xn)
an; we only need the sequence of line
bundles on (Un)
an. For example, if we are given a line bundle L0 on Uan.
Then, since H i(Uan,OUan) = 0 for i = 1, 2, we have a unique extension
L0n ∈ Pic((Un)
an). By using this, one can construct a formal deformation of
X .
Definition. (1) When L ∈ Pic(Xan), we call the formal deformation
{Xn}n≥1 the twistor deformation of X associated with L.
(2) More generally, for L0 ∈ Pic(Uan), we call, the formal deformation
{Xn}n≥1 similarly constructed, the quasi-twistor deformation ofX associated
with L0. When L0 extends to a line bundle L on Xan, the corresponding
quasi-twistor deformation coincides with the twistor deformation associated
with L.
We next define the Kodaira-Spencer class of the formal deformation {Xn}.
As before, we denote by Un the locus of Xn where fn : Xn → Tn is smooth.
We put f 0n := fn|Un . The extension class θn ∈ H
1(U,ΘUn−1/Tn−1) of the exact
sequence
0→ (f 0n)
∗Ω1Tn/C → Ω
1
Un/C → Ω
1
Un/Tn → 0
is the Kodaira Spencer class for fn : Xn → Tn. Here note that Ω
1
Tn
∼= OTn−1dt.
Lemma 16. Let {Xn} be the twistor deformation of X associated with
L ∈ Pic(Xan). Write Ln ∈ Pic(X
an
n ) for the extension of L to Xn. Let
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ωn ∈ Γ(Un,Ω
2
Un/Tn
) be the symplectic form defined by the Poisson Tn-scheme
Xn. Then
ı(θn+1)(ωn) = [Ln] ∈ H
1(U,Ω1Un/Tn),
where the left hand side is the interior product.
Proof. We use the same notation in the definition of a twistor deformation.
By the commutative diagram
(Xn)
′ −−−→ Xn+1y
y
Tn[ǫ] −−−→ Tn+1
(12)
we get the commutative diagram of exact sequences:
0 −−−→ OUndǫ −−−→ Ω
1
(Un)′/Tn
|Un −−−→ Ω
1
Un/Tn
−−−→ 0
∼=
x ∼=
x ∼=
x
0 −−−→ OUndt −−−→ Ω
1
Un+1/C
|Un −−−→ Ω
1
Un/Tn
−−−→ 0
(13)
The second exact sequence is the Kodaira-Spencer’s sequence where the
first term is (f 0)∗Ω1Tn+1/C and the third term is Ω
1
Un+1/Tn+1
|Un. Let η ∈
H1(U,ΘUn/Tn) be the extension class of the first exact sequence. By the
definition of (Xn)
′, we have i(η)(ωn) = [Ln]. On the other hand, the exten-
sion class of the second exact sequence is θn+1. Hence η = θn+1.
Let {Xn} be the twistor deformation of X asociated with L ∈ Pic(X).
For each n, we put Yn := SpecΓ(Xn,OXn). Yn is an affine scheme over Tn.
Since H1(X,OX) = 0, Γ(Xn,OXn)→ Γ(Xn−1,OXn−1) is surjective. Define
Y∞ := Spec(lim
←
Γ(Xn,OXn)).
Note that Y∞ is an affine variety over T∞ := SpecC[[t]]. Fix an ample line
bundle A on X . Since H1(X,OX) = H
2(X,OX) = 0, A extends uniquely to
ample line bundles An on Xn. Then, by [EGA III, The´ore`me (5.4.5)], there is
an algebraization X∞ of {Xn} such that X∞ is a projective scheme over Y∞
and X∞×Y∞ Yn ∼= Xn for all n. By [ibid, Theoreme 5.4.1], the algebraization
X∞ is unique. We denote by g∞ the projective morphism X∞ → Y∞.
Theorem 17. Let X be a convex symplectic variety with terminal sin-
gularities. Let (X, { , }) be the Poisson structure induced by the symplectic
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form on the regular part. Assume that Xan is Q-factorial 3. Then any Pois-
son deformation of (X, { , }) is locally trivial as a flat deformation (after
forgetting Poisson structure).
Proof. Define a subfunctor
PDlt : (Art)C → (Set)
of PD by setting PDlt(S) to be the set of equivalence classes of Poisson
deformations of (X, { , }) over Spec(S) which are locally trivial as usual
flat deformations. One can check that PDlt has a pro-representable hull.
Let Xn → Tn be an object of PDlt(Sn), where Sn := C[t]/(t
n+1) and Tn :=
Spec(Sn). Write T
1
Xn/Tn
for Hom(Ω1Xn/Tn ,OXn). By Proposition 13, we have
a natural map
HP2(Un/Tn)→ Ext
1(Ω1Xn/Tn ,OXn).
Define T (Xn/Tn) to be the kernel of the composite
HP2(Un/Tn)→ Ext
1(Ω1Xn/Tn ,OXn)→ H
0(Xn, T
1
Xn/Tn).
Let PDlt(Xn/Tn;Tn[ǫ]) be the set of equivalence classes of Poisson deforma-
tions of Xn over Tn[ǫ] which are locally trivial as usual deformations. Here
Tn[ǫ] := Spec(Sn[ǫ]) and Sn[ǫ] = C[t, ǫ]/(t
n+1, ǫ2). Two Poisson deformations
of Xn over Tn[ǫ] are equivalent if there is a Poisson Tn[ǫ]-somorphisms be-
tween them which induces the identity of Xn. Then there is a one-to-one
correspondence between T (Xn/Tn) and PDlt(Xn/Tn;Tn[ǫ]).
Lemma 18. T (Xn/Tn) = HP
2(Un/Tn).
Proof. Since H0(X, T 1Xn/Tn) ⊂ H
0(Xan, T 1Xann /Tn), it suffices to prove that
HP2(Un/Tn) → H
0(Xan, T 1Xann /Tn) is the zero map. In order to do this, for
p ∈ Σ(= Sing(X)), take a Stein open neighborhood Xann (p) of p ∈ Xn,
and put Uann (p) := X
an(p) ∩ Uann . We have to prove that H
2(Uan, Sn) →
H2(Uann (p), Sn) is the zero map. In fact, on one hand,
HP2(Un/Tn) ∼= H
2(Uan, Sn)
3Since X is convex, there is a projective birational morphism f from X to an affine
variety Y . Take a reflexive sheaf F on Xan of rank 1. The direct image fan∗ F
∗ of the
dual sheaf F ∗ is a coherent sheaf on the Stein variety Y an. Hence fan∗ F
∗ has a non-zero
global section; in other words, there is an injection OXan → F ∗. By taking its dual, F
is embedded in OXan . Thus, F = O(−D) for an analytic effective divisor D. So, for any
reflexive sheaf F of rank 1, the double dual sheaf (F⊗m)∗∗ becomes an invertible sheaf for
some m.
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by Lemma 12. On the other hand,H0(Xann (p), T
1
Xann /Tn
) ∼= H1(Uann (p),ΘUann (p))
(cf. the proof of [Na, Lemma 1]). By the symplectic form ωn ∈ Γ(Un,Ω
2
Xn/Tn
),
ΘUann (p) is identified with Ω
1
Uann (p)
. Hence
H0(Xann (p), T
1
Xann /Tn
) ∼= H1(Uann (p),Ω
1
Uann (p)
).
By these identifications, the map HP2(Un/Tn) → H
0(Xann (p), T
1
Xann /Tn
) coin-
cides with the composite
H2(Uan, Sn)→ H
2(Uan(p), Sn)→ H
1(Uan(p),Ω1Uann (p)),
where the second map is induced by the spectral sequence
Ep,q1 := H
q(Uann (p),Ω
p
Uann (p)
) => Hp+q(Uan, Sn)
(for details, see the proof of [Na, Lemma 1]). Let us consider the commutative
diagram
Pic(Xan)⊗Z Sn −−−→ Pic(U
an)⊗Z Sn
∼=
−−−→ H2(Uan, Sn)y
y
y
Pic(Xan(p))⊗Z Sn −−−→ Pic(U
an(p))⊗Z Sn
∼=
−−−→ H2(Uan(p), Sn)
(14)
Here the second map on the first row is an isomorphism because
H1(Uan,OUan) = H
2(Uan,OUan) = 0. Since Codim(Σ ⊂ X) ≥ 3, any
line bundle on Uan extends to a coherent sheaf on Xan. Thus, by the Q-
factoriality of Xan, the first map on the first row is surjective. If we take
Xan(p) small enough, then Pic(Xan(p)) = 0. Now, by the commutative di-
agram above, we conclude that H2(Uan, Sn) → H
2(Uan(p), Sn) is the zero
map. This completes the proof of Lemma 18.
Let us return to the proof of Theorem 17. The functor PD has T 1-lifting
property by Corollary 15. By Lemma 18, PDlt also has T
1-lifting property.
Let R and Rlt be the pro-representable hulls of PD and PDlt respectively.
Then these are both regular local C-algebra. There is a surjection R → Rlt
because PDlt is a sub-functor of PD. By Lemma 18, the cotangent spaces of
R and Rlt coincides. Hence R ∼= Rlt.
Theorem 19. Let X be a convex symplectic variety with terminal sin-
gularities. Let L be a (not necessarily ample) line bundle on Xan. Then the
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twistor deformation {Xn} of X associated with L is locally trivial as a flat
deformation.
Proof. Define Un ⊂ Xn to be the locus where Xn → Tn is smooth. We
put Σ := Sing(X). For each point p ∈ Σ, we take a Stein open neighborhood
p ∈ Xn(p) in (Xn)
an, and put Uann (p) := Xn(p) ∩ U
an
n . Let Ln ∈ Pic(Xn) be
the (unique) extension of L to Xn. We shall show that [Ln] ∈ H
2(Uan, Sn)
is sent to zero by the map
H2(Uan, Sn)→ H
2(Uan(p), Sn).
This is enough for us to prove that the twistor deformation {Xn} is lo-
cally trivial. In fact, we have to show that the local Kodaira-Spencer class
θlocn+1(p) ∈ H
1(Uann (p),ΘUann (p)) is zero. By the same argument as Lemma 16,
one can show that
ι(θlocn+1(p))(ωn) = [Ln|Uan(p)] ∈ H
1(Uann (p),Ω
1
Uann (p)
).
Now let us consider the commutative diagram induced from the Hodge spec-
tral sequences:
H2(Uan, Sn) −−−→ H
1(Un,Ω
1
Un/Tn
)y
y
H2(Uan(p), Sn) −−−→ H
1(Uann (p),Ω
1
Uann /Tn
)
(15)
For the existence of the first horizontal map, we use Grothendieck’s theo-
rem [G] and the fact H i(Un,OUn) = 0 (i = 1, 2) (cf. Lemma 12). Since X
an
n is
Cohen-Macaulay and Codim(Σ ⊂ X) ≥ 4, we have H i(Uann (p),OUann (p)) = 0
for i = 1, 2, by the depth argument. This assures the existence of the second
horizontal map. The vertical map on the right-hand side is just the composite
of the maps
H1(Un,Ω
1
Un/Tn)→ H
1(Uann ,Ω
1
Uann /Tn
)→ H1(Uann (p),Ω
1
Uann (p)/Tn
).
If [Ln] ∈ H
2(Uan, Sn) is sent to zero by the map
H2(Uan, Sn)→ H
2(Uan(p), Sn),
then, by the diagram, [Ln|Uan(p)] = 0. Thus, the local Kodaira-Spencer class
θlocn+1(p) vanishes. Let us consider the same diagram in the proof of Theorem
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17.
Pic(Xan)⊗Z Sn −−−→ Pic(U
an)⊗Z Sn
∼=
−−−→ H2(Uan, Sn)y
y
y
Pic(Xan(p))⊗Z Sn −−−→ Pic(U
an(p))⊗Z Sn
∼=
−−−→ H2(Uan(p), Sn)
(16)
Since Ln is a line bundle of (Xn)
an and Pic((Xn)
an) ∼= Pic(Xan), [Ln] ∈
H2(Uan, Sn) comes from Pic(X
an). If we take Xan(p) small enough, then
Pic(Xan(p)) = 0. Hence, by the commutative diagram, we see that [Ln] ∈
H2(Uan, Sn) is sent to zero by the map H
2(Uan, Sn)→ H
2(Uan(p), Sn).
4 Symplectic varieties with good C∗-actions
Let X be a convex symplectic variety with terminal singularities and, in
addition, with a C∗-action. We put Y := Spec Γ(X,OX). Then the natural
morphism g : X → Y is a C∗-equivariant morphism. We assume that Y
has a good C∗-action with a unique fixed point 0 ∈ Y . By definition, V :=
Y −Sing(Y ) admits a symplectic 2-form ω; hence it gives a Poisson structure
{ , } on Y . We assume that this Poisson structure has a positive weight
l > 0 with respect to the C∗-action, that is,
deg{a, b} = deg(a) + deg(b)− l
for all homogenous elements a, b ∈ OY . Now let us consider the Poisson
deformation functor PD(X,{,}) (cf. Section 3). By Theorem 14, it is pro-
represented by a certain complete regular local C-algebra R = limRn and a
universal formal Poisson deformation {Xunivn } of X over it.
Lemma 20. The C∗-action on X naturally induces a C∗-action on R
and {Xunivn }.
Proof. Take an infinitesimal Poisson deformation (XS, { , }S; ι) of X
over S = Spec(A) with A/m = C. By definition, ι : XS ⊗A A/m ∼= X is an
identification of the central fiber with X . Since X is a C∗-variety, for each
λ ∈ C∗, we get an isomorphism φλ : X → X . By the assumption, φ
∗
λ{ , } =
λl{ , }. Then (XS, λ
l{ , }S;φλ ◦ ι) gives another Poisson deformation of X
over S. This operation naturally gives a C∗-action on R and {Xn}. Q.E.D.
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We shall investigate the C∗-action of R. In order to do that, take L ∈
H1(Uan,O∗Uan) and consider the corresponding quasi-twistor deformation of
X . We define a C∗-action on C[[t]] so that t has weight l. This induces a
C∗-action on each quotient ring Sn := C[t]/(t
n+1). We put Tn := Spec(Sn).
Lemma 21. Any quasi-twistor deformation {Xn} of X has a C
∗-action
so that {Xn} → {Tn} is C
∗-equivariant.
Proof. Let R → C[[t]] be the surjection determined by our quasi-twistor
deformation. We shall prove this map is C∗-equivariant. For λ ∈ C∗, let
λl : Tn → Tn be the morphism induced by t → λ
lt. We shall lift C∗-actions
of Xn inductively. More explicitly, for each λ ∈ C
∗, we shall construct an
isomorphism φλ,n : Xn → Xn in such a way that:
(i) the following diagram commutes
Xn
φλ,n
−−−→ Xny
y
Tn
λl
−−−→ Tn
(17)
(ii) (φλ,n)
∗{ , }n = λ
l{ , }n, and
(iii) the collection {φλ,n}, λ ∈ C
∗ gives a C∗-action of Xn.
Suppose that it can be achieved. As in Lemma 20, let us fix an original
identification ι : Xn ×Tn T0
∼= X . Let hn : R → Sn and h
λ
n : R → Sn be the
maps determined by (Xn, { , }n; ι) and (Xn, λ
l{ , }n;φλ ◦ ι) respectively. Let
λ ∈ C∗ act on Rn as ψλ,n : Rn → Rn. By definition, hn ◦ ψλ,n = h
λ
n. Then
the existence of φλ,n implies that there is a commutative diagram
Rn
hn−−−→ Sn
ψλ,n
y λl
y
Rn
hn−−−→ Sn
(18)
The construction of φλ,n goes as follows. We assume that φλ,n−1 already
exist. Let Un−1 ⊂ Xn−1 be the locus where Xn−1 → Tn−1 is smooth. Let
ωn−1 ∈ Γ(Un−1,Ω
2
Un−1/Tn−1
) be the symplectic 2-form corresponding to the
Poisson structure { , }n−1. By the assumption, Xn−1 → Tn−1 is a C
∗-
equivariant morphism. The symplectic 2-form ωn−1 has weight l with the
induced C∗-action on Un−1. Let Ln−1 ∈ Pic(U
an
n−1) be the (unique) extension
of L ∈ Pic(Uan). By T 1-lifting principle, the extension of Xn−1 to Xn is
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determined by an element θn ∈ H
2(Un−1,∧
·ΘUn−1/Tn−1), where ∧
·ΘUn−1/Tn−1
is the Lichnerowicz-Poisson complex defined in §2. The symplectic 2-form
ωn−1 gives an identification (cf. §2):
H2(Un−1,∧
·ΘUn−1/Tn−1)
∼= H2(Un−1,Ω
≥1
Un−1/Tn−1
).
By definition of the twistor deformation, θn is sent to [Ln−1]. Since [Ln−1]
and ωn−1 have respectively weights 0 and l for the C
∗-action, θn should have
weight −l. This is what we want. Q.E.D.
Since any 1-st order Poisson deformation of X is realized in a suitable
quasi-twistor deformation, C∗ has only weight l on the maximal ideal mR of
R. Thus, one can write R as C[[t1, ..., tm]], where ti are all eigen-elements
with weight l. Let Yˆ := Spec limΓ(Xunivn ,OXunivn ). The C
∗-action on {Xunivn }
induces a C∗-action on Yˆ . Let Xˆ → Yˆ be the algebraization of {Xunivn } over
Yˆ . Since Y and R are both positively weighted, Yˆ is also positively weighted.
The C∗-action of the formal scheme {Xunivn } induces a C
∗-action of Xˆ in such
a way that Xˆ → Yˆ becomes C∗-equivariant.
Lemma 22. There is a a projective birational morphism of algebraic
varieties with C∗-actions
X → Y
over Spec C[t1, ..., tm] which is an algebraization of Xˆ → Yˆ. Moreover, X
and Y admit natural Poisson structures over Spec C[t1, ..., tm].
Proof. Let A be the completion of the coordinate ring of the affine scheme
Yˆ at the origin. Then A becomes a complete local ring with a good C∗-
action. The C∗-equivariant projective morphism Xˆ → Yˆ induces a C∗-
equivariant projective morphism XˆA → Spec(A). By Lemma A.8, there is
a C∗-linealized ample line bundle on XˆA. By Lemma A.2, there is a C-
algebra R of finite type such that Rˆ = A. Put Y := Spec(R). Since R is
generated by eigen-vectors (homogenous elements) of C∗-action, R contains
ti. So R is a ring over C[t1, ..., tm]. By Proposition A.5, there is a C
∗-
equivariant projective morphism X → Y which algebraizes XˆA → Spec(A).
This automatically algebraizes Xˆ → Yˆ . The complete local ring A admits
a Poisson structure over C[[t1, ..., tm]] induced by that of Γ(Yˆ ,OYˆ). This
Poisson structure induces a Poisson structure of R over C[t1, ..., tm] because,
if a, b ∈ A are homogenous, then {a, b} ∈ A is again homogenous. The
corresponding relative Poisson bi-vector Θ of Y is non-degenerate on the
smooth part. Hence it defines a relative symplectic 2-form on the smooth
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part of Y . This relative symplectic 2-form is pulled back to X and defines a
relative Poisson structure of X .
Let us fix an algebraic line bundle L on X . Since H i(X,OX) = 0 for
i = 1, 2, there is a unique line bundle Lˆ ∈ Pic(Xˆ ) extending L. Let LˆA ∈
Pic(XˆA) be the pull-back of Lˆ to XˆA. Since Lˆ is fixed by the C
∗-action of Xˆ ,
LˆA is fixed by the C
∗-action of XˆA. By Lemma A.8, for some k > 0, (LˆA)
⊗k
is C∗-linearized. By Proposition A.6, there is a C∗-linearized line bundle on
X extending (LˆA)
⊗k. Thus, by replacing L by its suitable multiple, we may
assume that L extends to a line bundle on X . Let U be the regular part of X
and let [L] ∈ H2(Uan,C) be the associated class with L|U . Let us denote by
M the maximal ideal of C[t1, ..., tm] and identify (M/M
2)∗ with H2(Uan,C).
Then [L] can be written as a linear combination
a1t
∗
1 + a2t
∗
2 + ...+ amt
∗
m
with the dual base {t∗i } of {ti}. Take a base change of
X → Spec C[t1, ..., tn]
by the map
Spec C[t]→ Spec C[t1, ..., tn]
with ti = ait. Then we have a 1-parameter deformation X
L of X over
T := Spec C[t]. As we have shown in Lemma 21, this deformation gives an
algebraization of the twistor deformation XL∞ → Spec C[[t]]. We put Y
L :=
Spec Γ(X L,OXL). Now let us consider the birational projective morphism
gT : X
L → YL
over Spec C[t]. Let η ∈ SpecC[t] be the generic point and let XLη and Y
L
η be
the generic fibers. Then we get a birational projective morphism
gη : X
L
η → Y
L
η .
Proposition 23 (Kaledin) Assume that X is smooth and L is ample.
Then gη : X
L
η → Y
L
η is an isomorphism.
Proof. Denote by T (∼= SpecC[t]) the base space of our algebraized twistor
deformation X L. Since T has a good C∗-action, X L is smooth over T . The
line bundle L on X uniquely extend a line bundle L on X L. Moreover,
X L is a Poisson T -scheme extending the original Poisson scheme X ; thus,
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the symplectic 2-form ω on X extends to a relative symplectic 2-form ωT ∈
Γ(X L,Ω2XL/T ). Let θT ∈ H
1(X L,ΘXL/T ) be the extension class (Kodaira-
Spencer class) of the exact sequence
0→ (fT )
∗Ω1T/C → Ω
1
XL/C → Ω
1
XL/T → 0.
By Lemma 16, we see that, in H1(X L,Ω1XL/T ), i(θT )(ωT ) = [L]. We put
ωη := ωT |XLη , θη := θT |XLη and Lη := L|Xη . Then, in H
1(XLη ,Ω
1
XLη /k(η)
), we
have an equality:
i(θη)(ωη) = [Lη].
Since gη is a proper birational morphism, we only have to show that Xη does
not contain a proper curve defined over k(η). Now let ι : C → Xη be a
morphism from a proper regular curve C defined over k(η) to Xη. We shall
prove that ι(C) is a point. Let θC ∈ H
1(C,ΘC/k(η)) be the Kodaira-Spencer
class for h : C → Speck(η). In other words, θC is the extension class of the
exact sequence
0→ h∗Ω1k(η)/C → Ω
1
C/C → Ω
1
C/k(η) → 0.
Then, by the compatibility of Kodaira-Spencer classes, we have
i(θC)(ι
∗ωη) = ι
∗(i(θη)(ωη)).
The left hand side is zero because ι∗ωη = 0. On the other hand, the right
hand side is ι∗[Lη]. Since L is ample, Lη is also ample. If ι(C) is not a point,
then ι∗[Lη] 6= 0, which is a contradiction.
The following is a generalization of Proposition 23 to the singular case.
Proposition 24. Assume that X has only symplectic singularities and
L ∈ Pic(X).
(a) If L is ample, then gη : X
L
η → Y
L
η is an isomorphism.
(b) Let X+ be another convex symplectic variety over Y with terminal
singularities and assume that L becomes the proper transform of an ample
line bundle L+ on X+. Then gη is a small birational morphism; in other
words, codimExc(gη) ≥ 2.
Proof. (i) We shall use the same notation as the proof of Proposition 23.
We note that the Kodaira-Spencer class θT ∈ Ext
1(Ω1XL/T ,OXL) is contained
in H1(X L,ΘXL/T ) because the twistor deformation is locally trivial by The-
orem 19. Let U ⊂ X L be the locus where X L → T is smooth. Denote by
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Uη the generic fiber of U → T . Let (θT )
0 ∈ H0(U ,ΘU/T ) be the restriction
of θT to U . The relative Poisson structure on X
L over T gives an element
(ωT )
0 ∈ H0(U ,Ω2U/T ). Note that, in general, (ωT )
0 cannot extend to a global
section of Ω2XL/T . Let [L]
0 ∈ H1(U ,Ω1U/T ) be the class corresponding to a
restricted line bundle L|U . Then, (θT )
0, (ωT )
0 and [L]0 defines respectively
the classes
θ0η ∈ H
1(Uη,Θ
1
Uη/k(η)),
ω0η ∈ H
0(Uη,Ω
2
Uη/k(η))
and
[Lη]
0 ∈ H1(Uη,Ω
1
Uη/k(η)).
We then have
i(θ0η)(ω
0
η) = [Lη]
0.
(ii)(Construction of a good resolution): We shall construct a good equiv-
ariant resolution of X L. In order to do that, first take an equivariant resolu-
tion π0 : X˜ → X of X , that is, (π0)∗ΘX˜ = ΘX . Here ΘX := Hom(Ω
1
X ,OX).
By Theorem 19, our twistor deformation gives us a sequence of locally trivial
formal deformations of X :
X → X1 → ...→ Xn → ...
We shall construct resolutions πn : X˜n → Xn inductively so that there is an
affine open cover Xn = ∪i∈IUn,i such that (πn)
−1(Un,i) ∼= (π0)
−1(U) ×T0 Tn.
Note that, if this could be done, then (πn)∗ΘX˜n/Tn = ΘXn/Tn . Moreover, if
we let θ˜n ∈ H
1(X˜n−1,ΘX˜n−1/Tn−1) be the Kodaira-Spencer class of X˜n → Tn,
then θ˜n coincides with the Kodaira-Spencer class θn ∈ H
1(Xn−1,ΘXn−1/Tn−1)
of Xn → Tn because θ˜n is mapped to zero by the map
H1(X˜n−1,ΘX˜n−1/Tn−1)→ H
0(Xn, R
1(πn−1)∗ΘX˜n−1/Tn−1).
Now assume that we are given such a resolution πn : X˜n → Xn. Take the
affine open cover {Un,i}i∈I of Xn as above. We put U˜n,i := (πn)
−1(Un,i). For
i, j ∈ I, there is an identification Un,i|Uij
∼= Un,j|Uij determined by Xn. For
each i ∈ I, let Un,i and U˜n,i be trivial deformations of Un,i and U˜n,i over Tn+1
respectively. For each i, j ∈ I, take a Tn+1-isomorphism
gji : Un,i|Uij → Un,j|Uij
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such that gji|Tn = id. Then
hijk := gij ◦ gjk ◦ gki
gives an automorphism of Un,i|Uijk over Tn+1 such that hijk|Tn = id. Since
πn : X˜n → Xn is an equivariant resolution, gij extends uniquely to
g˜ij : U˜n,i|Uij
∼= U˜n,j |Uij .
One can consider {hijk} as a 2-cocycle of the Cˇech cohomology of ΘX ; hence
it gives an element ob ∈ H2(X,ΘX). But, since Xn extends to Xn+1, ob = 0.
Therefore, by modifying gij to g
′
ij suitably, one can get
g′ij ◦ g
′
jk ◦ g
′
ki = id.
Then
g˜′ij ◦ g˜
′
jk ◦ g˜
′
ki = id.
Now X˜n also extends to X˜n+1 and the following diagram commutes:
X˜n −−−→ X˜n+1y
y
Xn −−−→ Xn+1
(19)
By The´ore`me (5.4.5) of [EGA III], one has an algebraization X˜L∞ → Y∞
of {X˜n → Yn}. Moreover, the morphism {πn : X˜n → Xn} induces π∞ :
X˜L∞ → X
L
∞. By the construction, the C
∗-action on XL∞ lifts to X˜
L
∞. Then
X˜L∞ → Y∞ is algebraized to a C
∗-equivariant projective morphism X˜ L → YL
in such a way that it factors through X L.
(iii) Let π : X˜ L → X L be the equivariant resolution constructed in (ii).
Let us denote by X˜η the generic fiber of X˜
L → T . This resolution gives an
equivariant resolution πη : X˜η → Xη. In particular, (πη)∗ΘX˜/k(η) = ΘXη/k(η).
Let θ˜η ∈ H
1(X˜η,ΘX˜η/k(η)) be the Kodaira-Spencer class for X˜η → Speck(η).
Then the Kodaira-Spencer class θη ∈ H
1(Xη,ΘXη/k(η)) forXη coicides with θ˜η
by the natural injection H1(Xη,ΘXη/k(η))→ H
1(X˜η,ΘX˜η/k(η)). Let iη : Uη →
Xη be the embedding of the regular part. Since (iη)∗Ω
2
Uη/k(η)
∼= (πη)∗Ω
2
X˜η/k(η)
,
by [Fl], ω0η extends to
ωη ∈ Γ(Xη, (πη)∗Ω
2
X˜η/k(η)
).
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(iv) We have a pairing map:
H0(Xη, (πη)∗Ω
2
X˜η/k(η)
)×H1(Xη, (πη)∗ΘX˜η/k(η))→ H
1(Xη, (πη)∗Ω
1
X˜η/k(η)
).
Denote by i(θη)(ωη) the image of (ωη, θη) by this pairing map. By pulling
back Lη by πη, one can define a class [Lη] ∈ H
1(Xη, (πη)∗Ω
1
X˜ηk(η)
). Let us
consider the exact sequence
H1Σ(Xη, (πη)∗Ω
1
X˜η/k(η)
)→ H1(Xη, (πη)∗Ω
1
X˜η/k(η)
)→ H1(Uη,Ω
1
Uη/k(η)),
where Σ := Xη \ Uη. Since (πη)∗Ω
1
X˜η/k(η)
∼= (iη)∗Ω
1
Uη/k(η)
by [Fl], it is a
reflexive sheaf. A reflexive sheaf on Xη is locally written as the kernel of a
homomorphism from a free sheaf to a torsion free sheaf. Since Xη is Cohen-
Macaulay and Codim(Σ ⊂ Xη) ≥ 2, we have H
1
Σ(Xη, (πη)∗Ω
1
X˜η/k(η)
) = 0. We
already know in (i) that [Lη]
0 = i(θ0η)(ω
0
η) in H
1(Uη,Ω
1
Uη/k(η)
). Therefore, by
the exact sequence, we see that
[Lη] = i(θη)(ωη).
(v) Consider the pairing map
H0(X˜η,Ω
2
X˜η/k(η)
)×H1(X˜η,ΘX˜η/k(η))→ H
1(X˜η,Ω
1
X˜η/k(η)
).
By the construction of X˜η, the Kodaira-Spencer class θ˜η of X˜η → Speck(η)
coincides with the Kodaira-Spencer class θη. Hence (ωη, θ˜η) is sent to (πη)
∗[Lη]
by the pairing map.
Now we shall prove (a). For a proper regular curve C defined over k(η),
assume that there is a k(η)-morphism ι : C → X˜η. We shall prove that
(πη) ◦ ι(C) is a point. By the compatibility of the Kodaira-Spencer classes,
we have
i(θC)(ι
∗ωη) = ι
∗(i(ωη)(θ˜η)).
The left hand side is zero because ι∗ωη = 0. The right hand side is ι
∗(πη)
∗[Lη]
as we just remarked above. If πη ◦ ι(C) is not a point, then this is not zero
because Lη is ample; but this is a contradiction.
Next we shall prove (b). We shall derive a contradiction assuming that
gT : X
L → YL is a divisorial birational contraction. We put E := Exc(gT ).
By the assumption, there is another convex symplectic variety X+ over Y ,
and X and X+ are isomorphic in codimension one over Y . Let F ⊂ X (resp.
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F+ ⊂ X+) be the locus where the birational map X − − → X+ is not an
isomorphism. Then codim(F ⊂ X) ≥ 2. We shall prove that (L, C¯) > 0
for any proper irreducible curve C¯ which is not contained in F . Let C¯ be
such a curve. Take a common resolution µ : Z → X and µ+ : Z → X+.
We may assume that Exc(µ) is a union of irreducible divisors, say {Ei}.
Since X and X+ are isomorphic in codimension one, Exc(µ) = Exc(µ+). On
can write (µ+)∗L+ = µ∗L − ΣaiEi with non-negative integers ai. In fact, if
aj < 0 for some j, then Ej should be a fixed component of the linear system
|(µ+)∗L+|; but this is a contradiction since L+ is (very) ample. One can find
a proper curve D on Z such that µ(D) = C¯ and such that C+ := µ+(D) is
an irreducible curve on X+. (i.e. µ+(D) is not reduced to a point.) Note
that D is not contained in any Ei. Then
(L, C¯) = (µ∗L,D) = ((µ+)∗L+ + ΣaiEi, D) > 0.
Let us consider all effective 1-cycles on X which are contracted to points
by g and are obtained as the limit of effective 1-cycles on XLη . Since E has
codimension 1 in X L, one can find such an effective 1-cycle whose support
intersects F at most in finite points. In other words, there is a flat family C →
T of proper curves in X L/T in such a way that any irreducible component
of C0 := C ∩X is not contained in F . Let C¯η be the generic fiber of C → T .
Take a regular proper curve C over k(η) and a k(η)-morphism ι : C → X˜η
so that πη ◦ ι(C) = C¯η. By the definition of C, (Lη, C¯η) > 0. Now one can
get a contradiction by using this curve C in the similar way to (a).
Corollary 25. Let Y be an affine symplectic variety with a good C∗-
action and assume that the Poisson structure of Y is positively weighted.
Let
X
f
→ Y
f ′
← X ′
be a diagram such that,
1. f (resp. f ′) is a crepant, birational, projective morphism.
2. X (resp. X ′) has only terminal singularities.
3. X (resp. X ′) is Q-factorial.
Then both X and X ′ have locally trivial deformations to an affine variety Yt
obtained as a Poisson deformation of Y . In particular, X and X ′ have the
same kind of singularities.
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Proof. (i) By Step 1 of the proof of Proposition A.7, the C∗-action of
Y lifts to X and X ′. So we are in the situation of section 4. Since Y is a
symplectic variety, outside certain locus at least of codimension 4 (say Σ¯),
its singularity is locally isomorphic to the product (Cn−2, 0) × (S, 0) (as an
analytic space). Here (S, 0) is the germ of a rational double point singularity
of a surface (cf. [Ka 2]). We put V¯ := Y −Σ¯. Since f and f ′ are both (unique)
minimal resolutions of rational double points over V¯ , f−1(V¯ ) ∼= (f ′)−1(V¯ ).
(ii) Fix an ample line bundle L of X and let {Xn} be the twistor defor-
mation associated with L. This induces a formal deformation {Yn} of Y . Let
L′ be the proper transform of L by X − − → X ′. Since X ′ is Q-factorial,
we may assume that L′ is a line bundle of X ′.4 Let {X ′n} be the twistor
deformation of X ′ associated with L′. This induces a formal deformation
{Y ′n} of Y .
Lemma 26. The formal deformation {Y ′n} coincides with {Yn}.
Proof. The formal deformation {Xn} of X induces a formal deformation
of W := f−1(V¯ ), say {Wn}. The deformation induces a formal deforma-
tion {V¯n} of V¯ by V¯n := SpecΓ(Wn,OWn) because R
1(f |W )∗OW = 0 and
(f |W )∗OW = OV¯ (cf. [Wa]). Since V¯ = Y − Σ¯ with codim(Σ¯ ⊂ Y ) ≥ 4,
the formal deformation {V¯n} of V¯ extends uniquely to that of Y (cf. Propo-
sition 13, (1)). This extended deformation is nothing but {Yn}. On the
other hand, the formal deformation {X ′n} of X
′ induces a formal defor-
mation of W ′ := (f ′)−1(V¯ ), say {W ′n}. As remarked in (i), W
∼= W ′.
Moreover, by Corollary 10, the Poisson deformations of W (resp. W ′) are
controlled by the cohomology H2(W an,C) (resp. H2((W ′)an,C)) because
H i(OW ) = 0 for i = 1, 2 (resp. H
i(OW ′) = 0 for i = 1, 2). Since L
′ is the
proper transform of L, [L|W ] is sent to [L
′|W ′] by the natural identification
H2(W an,C) ∼= H2(W ′
an,C). This implies that {W1} and {W
′
1} coincide. By
the construction of {Xn} (resp. {X
′
n}), L (resp. L
′) extends uniquely to Ln
(resp. L′n). Then [L1|W ] ∈ H
2(W an, S1) is sent to [L
′
1|W ′] ∈ H
2(((W ′)an, S1),
which implies that W2 and W
′
2 coincide. By the similar inductive process,
one concludes that {Wn} and {W
′
n} coincide. The formal deformation {W
′
n}
of W ′ induces a formal deformation {V¯ ′n} of V¯ , which coincides with {V¯n}.
So the extended deformation {Y ′n} also coincides with {Yn}.
4The twistor deformation associated with L and the one associated with L⊗m are
essentially the same. The latter one is obtained from the first one just by changing the
parameters t by mt.
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(iii) Let
X L → Y ← (X ′)L
be the algebraizations of
{Xn} → {Yn} ← {X
′
n}
over T . Let η ∈ T be the generic point. Then, by Proposition 24, (a),
XLη
∼= Y Lη . Since X is Q-factorial, we have:
Lemma 27. XLη is also Q-factorial.
Proof. Let D be a Weil divisor of XLη . One can extend D to a Weil divisor
D¯ of X L by taking its closure. The restriction of D¯ to X defines a Weil
divisor D¯|X . Note that the support of D¯|X is D¯ ∩X and the multiplicity on
each irreducible component is well determined because D¯ is a Cartier divisor
at a regular point of X . Let m > 0 be an integer such that m(D¯|X) is a
Cartier divisor. Let O(mD¯) be the reflexive sheaf associated with mD¯ and
let O(mD¯|X) be the line bundle associated with mD¯|X . By [K-M, Lemma
(12.1.8)],
O(mD¯)⊗O
XL
OX = O(mD¯|X).
In particular, O(mD¯) is a line bundle around X . Therefore, mD¯ is a Cartier
divisor on some Zariski open neighborhood of X ⊂ X L. Let Z be the non-
Cartier locus of mD¯. Since O(mD¯) is fixed by the C∗-action on X L, Z is
stable under the C∗-action. Since fT : X
L → Y is a projective morphism,
fT (Z) is a closed subset of Y . Since Y ∩ fT (Z) = ∅ and Y has a good
C∗-action, fT (Z) should be empty; hence Z should be also empty. Q.E.D.
Since X and X ′ are both crepant partial resolutions (with terminal sin-
gularities) of Y , they are isomorphic in codimension one. Now one can apply
Proposition 24, (b) to the twistor deformation {X ′n} of X
′. Then we conclude
that (X ′)L
′
η → Yη is a small birational projective morphism. On the other
hand, Yη(∼= X
L
η ) is Q-factorial by Lemma 27. These imply that (X
′)Lη
∼= Yη.
By Theorem 19, X L → T and (X ′)L
′
→ T are locally trivial deformations of
X and X ′ respectively.
Corollary 28. Let Y be an affine symplectic variety with a good C∗-
action. Assume that the Poisson structure of Y is positively weighted, and
Y has only terminal singularities. Let f : X → Y be a crepant, birational,
projective morphism such that X has only terminal singularities and such
that X is Q-factorial. Then the following are equivalent.
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(a) X is non-singular.
(b) Y is smoothable by a Poisson deformation.
Proof. First of all, the C∗-action of Y lifts to X by Step 1 of the proof of
Proposition A.7. Secondly, by Corollary A.10, Xan is Q-factorial. We regard
X and Y as Poisson schemes. The Poisson deformation functors PDX and
PDY have pro-representable hulls RX and RY respectively (Theorem 14). We
put U := (X)reg and V := Yreg. Then, by Lemma 12, HP
2(U) = H2(Uan,C)
and HP2(V ) = H2(V an,C). Note that, by Proposition 13, they coincide with
PDX(C[ǫ]) and PDY (C[ǫ]), respectively. By the proof of [Na, Proposition 2],
we see that
(∗) : H2(Uan,C) ∼= H2(V an,C).
Let l > 0 be the weight of Poisson structure on Y . Then one can get universal
C∗-equivariant Poisson deformations X and Y over the same affine base
B := Spec C[t1, ..., tm], where m = h
2(Uan,C) and each ti has weight l. By
Theorem 17 X → B is a locally trivial deformations of X . The birational
projective morphism f induces a birational projective B-morphism
fB : X → Y .
Let η be the generic point of B. Take the generic fibers over η. Then we
have
Xη
fη
→ Yη.
Every twistor deformation ofX associated with an ample line bundle L deter-
mines a (non-closed) point ζL ∈ B. By Proposition 24, fζL is an isomorphism.
This implies that fη is an isomorphism. Therefore, Yη is regular if and only
if X is non-singular.
5 General cases
Let X be a convex symplectic variety with terminal singularities. Let {Xn}
be a twistor deformation for L ∈ Pic(X). We put Yn := SpecΓ(Xn,OXn) and
Y L∞ := Spec limΓ(Xn,OXn). As in §3, {Xn} is algebraized to g∞ : X
L
∞ → Y
L
∞
over T∞, where T∞ := Spec C[[t]]. We do not know, however, as in §3,
that {Xn} can be algebraized to gT : X
L → YL over T := Spec C[t]. Let
η∞ ∈ Spec C[[t]] be the generic point and let gη∞ : Xη∞ → Yη∞ be the
morphism between the generic fibers induced by g∞.
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Proposition 29. (a) If L is ample, then gη∞ : X
L
η∞ → Y
L
η∞ is an isomor-
phism.
(b) Let X+ be another convex symplectic variety over Y with terminal
singularities and assume that L becomes the proper transform of an ample
line bundle L+ on X+. Then gη∞ is a small birational morphism; in other
words, codimExc(gη∞) ≥ 2.
Proof. The idea of the proof is the same as Proposition 24. But we
need more delicate argument because neither XL∞ or Y
L
∞ is of finite type over
T∞. First of all, we should replace the usual differential sheaves Ω
i
XL∞/T∞
(i ≥ 1), Ω1XL∞/C, and Ω
1
T∞/C
respectively by ΩˆiXL∞/T∞ , Ωˆ
1
XL∞/C
, and Ωˆ1T∞/C.
Here ΩˆiXL∞/T∞ is a coherent sheaf onX
L
η∞ determined as the limit of the formal
sheaves {ΩiXn/Tn}, Ωˆ
1
XL∞/C
is a coherent sheaf on XL∞ determined as the limit
of {Ω1Xn+1/C|Xn} and Ωˆ
1
T∞/C
is a coherent sheaf on T∞ determined as the limit
of {Ω1Tn+1/C|Tn}. Now the Kodaira-Spencer class θT∞ ∈ Ext
1(Ωˆ1XL∞/T∞ ,OXL∞)
for XL∞ → T∞ is the extension class of the exact sequence
0→ (f∞)
∗Ωˆ1T∞/C → Ωˆ
1
XL∞/C
→ Ωˆ1XL∞/T∞ → 0.
Then, as in Proposition 24, we can construct a good resolution π∞ : X˜
L
∞ →
XL∞ of X
L
∞. Let E∞ be the exceptional locus of g∞. Assume that f∞(E∞)
contains a generic point η∞ ∈ T∞. By cutting E∞ by g∞-very ample divisors
and by the pull-back of suitable divisors on Y∞, we can find an integral
subscheme C¯∞ ⊂ X
L
∞ of dimension 2 such that g∞(C¯∞) → T∞ is a finite
surjective morphism. Note that C¯∞ → T∞ is a flat projective morphism with
fiber dimension 1. Take a desingularization C∞ → C¯∞ which factors through
X˜L∞. We put Cn := C∞×T∞ Tn, and Cη∞ := C∞×T∞ Spec k(η∞). Then Cη∞
is a proper regular curve over k(η∞). Moreover, one can define Ωˆ
1
C∞/C
as
the limit of the formal sheaf {Ω1Cn/C}. Then, the Kodaira-Spencer class θCη∞
for Cη∞ → Spec k(η∞) is well-defined as an element of H
1(Cη∞ ,ΘCη∞/k(η∞)).
Then, the final argument in the proof of Proposition 24 is valid in our case.
The same argument of Proposition 25 now yields:
Corollary 30. Let Y be an affine symplectic variety. Let
X
f
→ Y
f ′
← X ′
be a diagram such that,
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1. f (resp. f ′) is a crepant, birational, projective morphism.
2. X (resp. X ′) has only terminal singularities.
3. X (resp. X ′) is Q-factorial.
Then, there is a flat deformation
X∞ → Y∞ ← X
′
∞
over T∞ := SpecC[[t]] of the original diagram X → Y ← X
′ such that
(i)X∞ → T∞ and X
′
∞ → T∞ are both locally trivial deformations, and
(ii) the generic fibers are all isomorphic:
Xη ∼= Yη ∼= X
′
η
for the generic point η ∈ T∞.
In Corollary 30, Xη (res. X
′
η) is not of finite type over k(η). So, at this
moment, it is not clear how the singularities of X are related to those of X ′.
However, one can say more when X is smooth:
Corollary 31. With the same assumption as Corollary 30, if X is non-
singular, then X ′ is also non-singular.
Proof. Since X is non-singular, X∞ is formally smooth over C. Since
Xη ∼= Yη, Y∞ is formally smooth over C outside Y . By [Ar 2, Theorem 3.9]
(see also [Hi], [Ri], [Ka 3]), for each closed point p ∈ Y , there is an etale map
Z∞ → Y∞ whose image contains p ∈ Y∞, and Z∞ → T∞ is algebraized to
Z → T . Here T = Spec C[t]. The completion Zˆ of Z along the closed fiber
coincides with Z∞. The diagram
X∞ → Y∞ ← X
′
∞
is pulled back by the map Z∞ → Y∞ to
X∞ ×Y∞ Z∞ → Z∞ ← X
′
∞ ×Y∞ Z∞.
Take generic fibers of this diagram over T∞. Then three generic fibers are all
isomorphic. Hence, the formal completion of the diagram along the closed
fibers (over 0 ∈ T∞) gives two “formal modifications” in the sense of [Ar 3].
By [Ar 3], there exists a diagram of algebraic spaces of finite type over C:
X → Z ← X ′
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which extends such formal modifications. Take the closed fibers of this dia-
gram over 0 ∈ T . Then X0 is non-singular since X0 is etale over X . On the
other hand, X0 and X
′
0 both have locally trivial deformations to a common
affine variety Zt (t 6= 0) by the diagram. Therefore, X
′
0 is non-singular. Since
X ′0 is etale over X
′ and the image of this etale map contains (f ′)−1(p) by the
construction, X ′ is non-singular at every point q ∈ X ′ with f ′(q) = p. Since
p ∈ Y is an arbitrary closed point, X ′ is non-singular.
6 Examples
Example 32. Assume that Ox ⊂ sl(n) is the orbit containing an nilpotent
element x of Jordan type d := [d1, ..., dk]. Let [s1, ..., sm] be the dual partition
of d, that is, si := ♯{j; dj ≥ i}. Let P ⊂ SL(n) be the parabolic subgroup of
flag type (s1, ..., sm). Define F := SL(n)/P . Note that h
1(F,Ω1F ) = m − 1.
Let
τ1 ⊂ · · · ⊂ τm−1 ⊂ C
n ⊗C OFσ
be the universal subbundles on Fσ. A point of the cotangent bundle T
∗F of
F is expressed as a pair (p, φ) of p ∈ F and φ ∈ End(Cn) such that
φ(Cn) ⊂ τm−1(p), · · · , φ(τ2(p)) ⊂ τ1(p), φ(τ1(p)) = 0.
The Springer resolution
s : T ∗F → O¯x
is defined as sσ((p, φ)) := φ. Therefore, T
∗F is a smooth convex symplectic
variety. Let E be the universal extension of OF by Ω
1
F . In other words, E fits
in the exact sequence
0→ Ω1F → E
η
→ Om−1F → 0,
and the induced map H0(F,Om−1F ) → H
1(F,Ω1F ) is an isomorphism. The
locally free sheaf E can be constructed as follows. For p ∈ Fσ, we can choose
a basis of Cn such that Ω1F (p) consists of the matrices of the following form


0 ∗ · · · ∗
0 0 · · · ∗
· · · · · ·
0 0 · · · 0

 .
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Then E(p) is the vector subspace of sl(n) consisting of the matrices A of
the following form 

a1 ∗ · · · ∗
0 a2 · · · ∗
· · · · · ·
0 0 · · · am

 ,
where ai := aiIsi and Isi is the identity matrix of the size si × si. Since
A ∈ sl(n), Σisiai = 0. Here we define the map η(p) : E(p) → C
⊕m−1 as
η(p)(A) := (a1, a2, · · · , am−1). Let A(E
∗) := SpecFSym
·(E∗) be the vector
bundle over F associated with E . Then we have an exact sequence of vector
bundles
0→ T ∗F → A(E∗)→ F ×Cn−1 → 0.
The last homomorphism in the exact sequence gives a map
f : A(E∗)→ Cm−1,
where f−1(0) = T ∗F . This is a universal Poisson deformation of the Pois-
son scheme T ∗F (with respect to the canonical symplectic 2-form). In fact,
by Proposition 1.4.14 of [C-G], there is a relative symplectic 2-form of f
extending the canonical symplectic 2-form on T ∗F ; hence f is a Poisson de-
formation. Let p : T ∗F → F be the canonical projection. Then we have a
commutative diagram of exact sequences:
0 −−−→ p∗Ω1F −−−→ p
∗E −−−→ p∗Om−1F −−−→ 0y
y
y
0 −−−→ ΘT ∗F −−−→ ΘA(E∗)|T ∗F −−−→ NT ∗F/A(E∗) −−−→ 0
(20)
Let T be the tangent space of the base space Cm−1 of f at 0 ∈ Cm−1.
The Kodaira-Spencer map θf of f is given as the composite
T → H0(T ∗F,NT ∗F/A(E∗))→ H
1(T ∗F,ΘT ∗F ).
On the other hand, if one identifies T with H0(F,Om−1F ), then one has a map
T ∼= H0(F,Om−1F )→ H
1(F,Ω1F ).
By the construction, the Kodaira-Spencer map is factored by this map:
T → H1(F,Ω1F )→ H
1(T ∗F,ΘT ∗F ).
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The first map is an isomorphism by the definition of E . The second map is an
injection. In fact, let S ⊂ T ∗F be the zero section. Then NS/T ∗F ∼= Ω
1
S and
the compositeH1(F,Ω1F )→ H
1(T ∗F,ΘT ∗F )→ H
1(S,Ω1S) is an isomorphism.
Therefore, the Kodaira-Spencer map θf is an injection. Since f is a Poisson
deformation of T ∗F , the Kodaira-Spencer map θf is factored by the “Poisson
Kodaira-Spencer map ” θPf :
T
θP
f
→ H2(T ∗F,C)→ H1(T ∗F,Ω1T ∗F ).
Hence θPf is also injective. Since dimT = h
2(T ∗F,C) = m−1, θPf is actually
an isomorphism.
More generally, let G be a complex simple Lie group and O be a nilpotent
orbit in g := Lie(G). Assume that the closure O¯ of O admits a Springer
resolution µ : T ∗(G/P ) → O¯ for some parabolic subgroup P ⊂ G. One
can identify T ∗(G/P ) with the adjoint bundle G×P n(P ), where n(P ) is the
nilradical of p := Lie(P ). Let r(P ) be the solvable radical of p and let m(P )
be the Levi-factor of p. We put k(P ) := gm(P ), where
gm(P ) := {x ∈ g; [x, y] = 0, y ∈ m(P )}.
In [Na 4, §7], we have defined a flat deformation of T ∗(G/P ) as
G×P r(P )→ k(P ).
Then this becomes a universal Poisson deformation of T ∗(G/P ).
Example 33. Let O be the nilpotent orbit in sl(3) of Jordan type [1, 2].
Then the closure O¯ has two different Springer resolutions
T ∗(SL(3)/P1,2)→ O¯ ← T
∗(SL(3)/P2,1),
where P1,2 and P2,1 are parabolic subgroups of SL(3) of flag type (1, 2) and
(2, 1) respectively. We putX+ := T ∗(SL(3)/P1,2) andX
− := T ∗(SL(3)/P2,1).
Then X+ and X− are both isomorphic to the cotangent bundle of P2. We
call the diagram a Mukai flop. Let G ⊂ SL(3) be the finite group of order 3
generated by

1 0 00 ζ 0
0 0 ζ2

 ,
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where ζ is a primitive 3-rd root of unity. Then G acts on O¯ by the adjoint
action. Since the Kostant-Kirillov 2-form on O is SL(3)-invariant, the G-
action lifts to symplectic actions on X+ and X−. Divide O¯, X+ and X− by
these G-action, we get the diagram of a singular flop:
X+/G→ O¯/G← X−/G.
Here X+/G (resp. X−/G) has 3 isolated quotient (terminal) singularities.
This is a typical example of Corollary 25.
7 Appendix
(A.1) Let Y := Spec R be an affine variety over C. A C∗-action on Y is a
homomorphism C∗ → AutC(R) induced from a C-algebra homomorphism
R→ R⊗C C[t, 1/t].
More exactly, aC-valued point ofC∗ is regarded as a surjection ofC-algebras:
σ : C[t, 1/t]→ C.
Then
R→ R⊗C C[t, 1/t]
id⊗σ
→ R
is an element of AutC(R). If this correspondence gives a homomorphism
C∗ → AutC(R), we say that R (or Y ) has a C
∗-action. A C∗-action on Y
is called good if there is a maximal ideal mR of R fixed by the action and if
C∗ has only positive weight on mR. Next let us consider the case where Y is
the spectrum of a local complete C-algebra R with R/mR = C. A C
∗-action
on Y is then a homomorphism C∗ → AutC(R) induced from a C-algebra
homomorphism
R→ R⊗ˆCC[t, 1/t],
where R⊗ˆCC[t, 1/t] is the completion of R ⊗C C[t, 1/t] with respect to the
ideal mR(R ⊗C C[t, 1/t]). Then the C
∗-action is called good if C∗ has only
positive weight on the maximal ideal of R.
Lemma (A.2). Let (A,m) be a complete local C-algebra with a good
C∗-action. Assume that A/m = C. Let R be the C-vector subspace of A
spanned by all eigen-vectors in A. Then R is a finitely generated C-algebra
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with a good C∗-action. Moreover, Rˆ = A where Rˆ is the completion of R
with the maximal ideal mR.
Proof. Since A/mk (k ≥ 1) are finite dimensional C-vector spaces, they
are direct sum of eigen-spaces with non-negative weights:
A/mk = ⊕w(A/m
k)w.
The natural maps (A/mk)w → (A/mk−1)w are surjections for all k. Since
m/m2 is also decomposed into the direct sum of eigen-spaces, one can take
eigen-vectors φ¯i, (i = 1, 2, ..., l) as a generator of m/m
2. We put wi :=
wt(φ¯i) > 0. One can lift φ¯i to φi ∈ lim(A/m
k)wi by the surjections above.
Since A is complete, φi ∈ A and wt(φi) = wi. Put wmin := min{w1, ..., wl} >
0. We shall prove that R = C[φ1, ..., φl]. Let ψ ∈ A be an eigen-vector with
weight w. Take an integer k0 such that ψ ∈ m
k0 and ψ /∈ mk0+1. Since
every element of mk0/mk0+1 can be written as a homogenous polynomial of
φ = (φ¯1, ..., φ¯l) of degree k0, we see that
ψ ≡ fk0(φ1, ..., φl) (modm
k0+1)
for some homogenous polynomial fk0 of degree k0. We continue the similar
approximation by replacing ψ with ψ − fk0(φ). Finally, for any given k, we
have an approximation
ψ ≡ fk0(φ) + ... + fk−1(φ) (modm
k).
Assume here that k > w/wmin. We set ψ
′ := Σk0≤i≤k−1fi(φ). Assume that
ψ − ψ′ ∈ mr and ψ − ψ′ /∈ mr+1 with some r ≥ k. Since ψ − ψ′ has weight
w, [φ−φ′] ∈ mr/mr+1 also has weight w. On the other hand, every non-zero
eigen-vector in mr/mr+1 has weight at least rwmin. Hence w ≥ rwmin, but
this contradicts that r ≥ k > w/wmin. Therefore, ψ = ψ
′ mod mr for any r.
Thus,
ψ = fk0(φ) + ...+ fk−1(φ).
This implies that R = C[φ1, ..., φl]. Let mR ⊂ R be the maximal ideal
generated by φi’s. Let Rk be the C-vector subspace of m
k (⊂ A) spanned
by the eigen-vectors. The argument above shows that Rk = (mR)
k. Since
Rk = ⊕w lim(m
k/mk+i)w, we conclude that (mR)
k = ⊕w lim(m
k/mk+i)w. We
now have
R/(mR)
k = ⊕w lim(A/m
i)w/⊕w lim(m
k/mk+i)w =
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⊕w{lim(A/m
i)w/ lim(mk/mk+i)w} = ⊕w(A/m
k)w = A/mk.
Here the 2-nd last equality holds because {(mk/mk+i)w}i satisfies the Mittag-
Leffler condition. This implies that Rˆ = A.
(A.3) Let R be a integral domain finitely generated over C or a complete
local C-algebra with residue field C. Assume that R has a good C∗-action.
Let M be a finite R-module. We say that M has an equivariant C∗-action
if, for each σ ∈ C∗, we are given a map
φσ : M → M
with the following properties:
(1) φσ is a C-linear map.
(2) φσ(rx) = σ(r)φσ(x) for r ∈ R and x ∈M .
(3) φστ = φσ ◦ φτ for σ, τ ∈ C
∗.
(4) φ1 = id.
We say that a non-zero element x ∈ M is an eigen-vector if there exists
an integer w such that φσ(x) = σ
wx for all σ ∈ G.
Let M and N be R-modules with equivariant C∗-actions. Then an R-
homomorphism f : M → N is an equivariant map if f is compatible with
both C∗-actions.
Lemma (A.4). Let A and R be the same as Lemma (A.2). Let M
be a finite A-module with an equivariant C∗-action. Define MR to be the
C-vector subspace of M spanned by the eigen-vectors of M . Then MR is a
finite R-module with an equivariant C∗-action. Moreover, MR ⊗R A = M .
Proof. The idea is the same as Lemma (A.2). The finite dimensional
C-vector space M/mkM is the direct sum of eigen-spaces. Thus, for each
weight w,
(M/mkM)w → (M/mk−1M)w
is surjective. Let x¯i (i = 1, ..., r) be the eigen-vectors which generateM/mM .
We lift x¯i to xi ∈ Mˆ by the surjections above. Since Mˆ = M , xi are eigen-
vectors of M . We set ui := wt(xi) and umin := min{u1, ..., ur}. We shall
prove that MR is generated by {xi} as an R-module. Let y ∈ M be an
eigen-vector with weight u. Take an integer k0 such that y ∈ m
k0M and
y /∈ mk0+1M . Let us consider the surjection
mk0/mk0+1 ⊗M/mM → mk0M/mk0+1M.
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As in the proof of Lemma (A.2), every element of mk0/mk0+1 is written as
a homogenous polynomial of φ1, ..., φl of degree k0, where φi are certain
eigen-vectors contained in R. We put wmin := min{wt(φ1), ..., wt(φl)} > 0.
On the other hand, M/mM is spanned by xi’s. Thus,
y ≡ Σri(φ)xi mod m
k0+1M,
where ri are homogenous polynomials of degree k0 such that wt(ri(φ))+ui =
u. We write gk0 for the right-hand side for short. Now, we have y − gk0 ∈
mk0+1M . By replacing y with y−gk0, we continue the similar approximation.
Finally, for any k, we have an approximation:
y ≡ gk0 + gk0+1 + ... + gk−1 mod m
kM.
By the construction, y−Σk0≤i≤k−1gi is an eigen-vector with weight u. In par-
ticular, [y − Σk0≤i≤k−1gi] ∈ m
kM/mk+1M has weight u. On the other hand,
every non-zero eigen-vector ofmkM/mk+1M has weight at least kwmin+umin.
If we take k sufficiently large, then kwmin + umin > u. This implies that
[y − Σk0≤i≤k−1gi] = 0. Repeating the same, we conclude that, for any r > k,
y ≡ Σk0≤i≤k−1gi mod m
rM.
This implies that, in M ,
y = Σk0≤i≤k−1gi.
Thus, MR is generated by {xi} as an R-module. Let Mk be the subspace
of M spanned by the eigen-vectors in mkM . Then the argument above
shows that Mk = (mR)
kMR. Then, by the same argument as Lemma (A.2),
MR/(mR)
kMR = M/m
kM ; hence MR ⊗R A = M . In order to prove that
MR has an equivariant C
∗-action, we have to check that φσ(MR) ⊂ MR for
all σ ∈ C∗ (cf. (A.3)); but it is straightforward.
Proposition (A.5). Let A be a local complete C-algebra with residue
field C and with a good C∗-action. Let f : X → Spec(A) be a C∗-eqivariant
projective morphism and let L be an f -ample, C∗-linearized line bundle. Let
R be the same as Lemma (A.2). Then there is a C∗-equivariant projective
morphism fR : XR → Spec(R) and a C
∗-linearized, fR-ample line bundle
LR, such that XR ×Spec(R) Spec(A) ∼= X and LR ⊗R A ∼= L.
Proof. We put Ai := Γ(X,L
⊗i) for i ≥ 0. Then, X = ProjA ⊕i≥0 Ai.
If necessary, by taking a suitable multiple L⊗m, we may assume that A∗ :=
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⊕i≥0Ai is generated by A1 as an A0(= A)-algebra. By Lemma (A.4), we take
a finite R-module Ai,R such that Ai,R ⊗R A = Ai. The multiplication map
Ai ⊗A0 Aj → Ai+j induces a map Ai,R ⊗R Aj,R → Ai+j,R; hence (A∗)R :=
⊕i≥0Ai,R becomes a graded R-algebra. We shall check that (A∗)R is a finitely
generated R-algebra. In order to do this, we only have to prove that (AR)∗
is generated by A1,R as an R-algebra since A1,R is a finite R-module. Let us
consider the n-multiplication map
mn :
n︷ ︸︸ ︷
A1,R ⊗R ...⊗R A1,R → An,R.
Let M be the cokernel of this map. Since mn is a C
∗-equivariant map, M is
a finite R-module with an equivariant C∗-action. Taking the tensor product
⊗RA with mn, we get the n-multiplication map for A∗; but this is surjective
by the assumption. Therefore, Mˆ := M ⊗R A = 0. The support of M is
a closed subset of Spec(R), stable under the C∗-action. Since Mˆ = 0, this
closed subset does not contain the origin 0 ∈ R; hence it must be empty
because R has a good C∗-action. Finally it is clear that (AR)∗ ⊗R A = A∗
by the construction.
Proposition (A.6). Let f : X → Spec(A) and fR : XR → Spec(R)
be the same as Lemma (A.5). Let F be a coherent sheaf of X with a C∗-
linearization. Then there is a C∗-linearized coherent sheaf FR of XR such
that FR ⊗R A = F .
Proof. We put OX(1) := ˜(⊕i≥0Ai)[1]. Then the coherent sheaf F can be
written as
F = ˜⊕i≥0Γ(X,F (i)).
Let us write Mi for Γ(X,F (i)). By Lemma (A.4), there is a finite R-module
Mi,R such that Mi,R ⊗R A = Mi. We define
FR := ˜⊕i≥0Mi,R.
We shall prove that (M∗)R := ⊕i≥0Mi,R is a finite (A∗)R-module. There is
an integer n0 such that, for any i ≥ n0, and for any j ≥ 0, the multiplication
map
j︷ ︸︸ ︷
A1 ⊗A0 ...⊗A0 A1⊗A0Mi →Mi+j
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is surjective. For the same i, j, let us consider the R-linear map
j︷ ︸︸ ︷
A1,R ⊗R ...⊗R A1,R⊗RMi,R → Mi+j,R.
Let N be the cokernel of this map. Since this R-linear map is compatible
with the C∗-action on R, N is a finite R-module with an equivariant C∗-
action. By the choice of i and j, Nˆ := N ⊗R A is zero. This implies that
N = 0.
Proposition (A.7) Let Y be an affine symplectic variety. Assume that
Y has a good C∗-action with a fixed point 0 ∈ Y . Assume that, in the analytic
category, Y an admits a crepant, projective, partial resolution f¯ : X → Y an
such that X has only terminal singularities. Then, in the algebraic category,
Y admits a crepant, projective, partial resolution f : X → Y such that
Xan = X and fan = f¯ .
Proof. (STEP 1): We shall prove that the C∗-action of Y an lifts to X .
Since Y an is symplectic, one can take a closed subset Σ of Y an, stable under
theC∗-action and codim(Σ ⊂ Y an) ≥ 4, such that the singularities of Y an−Σ
are local trivial deformations of two dimensional rational double points. We
put Y0 := Y
an − Σ. Since f¯ is the minimal resolution over Y0, the C
∗-action
on Y0 extends to X0 := f¯
−1(Y0). Note that, in X , X − X0 has codimension
at least two by the semi-smallness of f¯ ([Na 3]). The C∗-action defines a
holomorphic map
σ0 : C∗ × X0 → X0,
and this extends to a meromorphic map
σ : C∗ ×X −− → X .
Let us prove that σt : X −− → X , which is an isomorphism in codimension
one, is actually an isomorphism everywhere for each t ∈ C∗. Let L be an
f¯ -ample line bundle on X . We put L0t := (σ
0)∗L|{t}×X0 . Since Pic(X0) is dis-
crete, L0t are all isomorphic to L|X0. Since L|X0 extends to the line bundle L
on X , (σ0)∗L extends to a line bundle on C∗×X , say σ∗L by abuse of nota-
tion. The line bundle Lt := σ
∗L|{t}×X coincides with the proper transform of
L by σt. Since L0(= L) is f¯ -ample and Pic(X /Y
an) := Pic(X )/f¯ ∗Pic(Y an)
is discrete, Lt are all f¯ -ample. This implies that σt are all isomorphisms and
σ is a holomorphic map. One can check that σ gives a C∗-action because it
already becomes a C∗-action on X0.
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(STEP 2): Let Yn be the n-th infinitesimal neighborhood of Y
an at 0,
which becomes an affine scheme with a unique point 0. We put Xn :=
X ×Y an Y
an
n . By GAGA, there are projective schemes Xn over Yn such that
(Xn)
an = Xn. Fix an f¯ -ample line bundle L on X . Again by GAGA, it
induces line bundles Ln on Xn. The C
∗-action on X induces a C∗-action on
Xn for each n. This action induces an algebraic C
∗-action of Xn. In fact,
the C∗-action of X originally comes from an algeraic C∗-action on Y , the
holomorphic action map
C∗ × X → X
extends to a meromorphic map
P1 ×X −− → X .
Thus, the holomorphic action map
C∗ ×Xn → Xn
extends to a meromorphic map
P1 × Xn −− → Xn.
Thus, by GAGA, we have a rational map
P1 ×Xn −− → Xn
which resticts to an algebraic C∗-action on Xn. Let us regard {Xn} and {Yn}
as formal schemes and {fn : Xn → Yn} as a projective equivariant morphism
of formal schemes with C∗-actions. Put Aˆ := limOYn,0 and Yˆ := Spec(Aˆ).
Then, by [EGA III], Theoreme 5.4.5, the projective morphism of formal
schemes can be algebraized to a projective equivariant morphism of schemes
fˆ : Xˆ → Yˆ .
The affine scheme Yˆ admits a C∗-action coming from the original C∗-action
on Y , which is compatible with the C∗-action on {Yn}. The C
∗-action on
{Xn} naturally lifts to Xˆ in such a way that fˆ becomes a C
∗-equivariant
morphism. In fact, let
σn : C
∗ ×Xn → Xn
be the C∗-action on Xn. Let us consider the morphism (of formal schemes):
id× {σn} : C
∗ × {Xn} → C
∗ × {Xn}.
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Here we regard the first factor (resp. the second factor) as a C∗ × {Yn}-
formal scheme by id × ({fn} ◦ {σn}) (resp. id × {fn}). Then the morphism
above is a C∗ × {Yn}-morphism. By [ibid, Theoreme 5.4.1], this morphism
of formal schemes extends to a C∗×ˆYˆ -morphism 5
C∗×ˆXˆ → C∗×ˆXˆ,
where the first factor (resp. the second factor) is regarded as a C∗×ˆYˆ -scheme
by id×ˆfˆ ◦ σˆ (resp. id×ˆfˆ). The extended morphism gives a C∗-action
C∗×ˆXˆ → C∗×ˆXˆ
p2
→ Xˆ.
Moreover, {Ln} is algebraized to an fˆ -ample line bundle Lˆ on Xˆ ([ibid,
Theoreme 5.4.5]). Since L is fixed by the C∗-action on X , Lˆ is also fixed by
the C∗-action on Xˆ .
Lemma (A.8). Let fˆ : Xˆ → Yˆ be a C∗-equivariant projective morphism
where Yˆ = Spec(Aˆ) with a complete local C-algebra Aˆ with Aˆ/m = C.
Assume that fˆ∗OXˆ = OYˆ . Let Lˆ be an fˆ -ample line bundle on Xˆ fixed by
the C∗-action. Then Lˆ⊗m can be C∗-linearized for some m > 0. Moreover,
in this case, any C∗-fixed line bundle M on Xˆ is C∗-linearized after taking
a suitable multiple of M .
Proof. We only have to deal with an fˆ -ample line bundle Lˆ. In fact, let
M be an arbitrary line bundle on Xˆ fixed by the C∗-action. Then M ⊗ Lˆ⊗r
becomes fˆ -ample for a sufficiently large r. If we could prove the lemma for
fˆ -ample line bundles, then M⊗m⊗ Lˆ⊗rm is C∗-linearized. Since Lˆ⊗rm is also
C∗-linearized, M⊗m is C∗-linearized. We assume that Lˆ is fˆ -very ample
and Xˆ is embedded into PAˆ(H
0(Xˆ, Lˆ)) as a Yˆ -scheme, where H0(Xˆ, Lˆ) is a
free Aˆ-module of finite rank, say n. Since C∗ acts on Aˆ, we regard C∗ as a
subgroup of the automorphism group of the C-algebra Aˆ. Let σ ∈ C∗ and
let M be an Aˆ-module. Then a C-linear map φ : M → M is called a twisted
Aˆ-linear map if there exists σ ∈ C∗ and φ(ax) = σ(a)φ(x) for a ∈ Aˆ and
for x ∈ M . Now let us consider the case M = H0(Xˆ, Lˆ), which is a free
Aˆ-module of rank n. We define G(n, Aˆ) to be the group of all twisted Aˆ-
linear bijective maps from H0(Xˆ, Lˆ) onto itself. One can define a surjective
homomorphisms G(n, Aˆ) → C∗ by sending φ ∈ G(n, Aˆ) to the associated
5×ˆ means the formal product. Let B be the completion of Aˆ[t, 1/t] by the ideal
mAˆ[t, 1/t] where m ⊂ Aˆ is the maximal ideal. Then C∗×ˆYˆ = Spec(B). The scheme
C
∗×ˆXˆ is defined as the fiber product of C∗ × Xˆ → C∗ × Yˆ and C∗×ˆYˆ → C∗ × Yˆ .
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twisting element σ ∈ C∗. Note that this homorphism admits a canonical
splitting ι : C∗ → G(n, Aˆ) defined by ι(σ)(x1, ..., xn) := (σ(x1), ..., σ(xn)).
There is an exact sequence
1→ GL(n, Aˆ)→ G(n, Aˆ)→ C∗ → 1.
Let us denote by Aˆ∗ the multiplicative group of units of Aˆ. One can embed Aˆ∗
diagonally in GL(n, Aˆ); hence in G(n, Aˆ). Then Aˆ∗ is a normal subgroup of
G(n, Aˆ). The group PG(n, Aˆ) := G(n, Aˆ)/Aˆ∗ acts faithfully on H0(Xˆ, Lˆ)−
{0}/Aˆ∗. On the other hand, define S(n, Aˆ) to be the subgroup of G(n, Aˆ)
generated by SL(n, Aˆ) and ι(C∗) There are two exact sequences
1→ SL(n, Aˆ)→ S(n, Aˆ)→ C∗ → 1,
and
1→ PGL(n, Aˆ)→ PG(n, Aˆ)→ C∗ → 1.
Since Aˆ is a complete local ring and its residue is an algebraically closed
field with characteristic 0, the canonical map SL(n, Aˆ) → PGL(n, Aˆ) is
a surjection; hence the composed map S(n, Aˆ) → G(n, Aˆ) → PG(n, Aˆ) is
surjective.
Let us start the proof. Note that H0(Xˆ, Lˆ)−{0}/Aˆ∗ is identified with the
space of Cartier divisors whose associated line bundle is Lˆ. Since Lˆ is fixed by
theC∗-action, theC∗ action on Xˆ induces a C∗ action onH0(Xˆ, Lˆ)−{0}/Aˆ∗.
This action gives a splitting
α : C∗ → PG(n, Aˆ)
of the exact sequence above. We want to lift the map α to S(n, Aˆ). We put
H := ϕ−1(α(C∗)), where ϕ : S(n, Aˆ)→ PG(n, Aˆ) is the quotient map. Since
Ker(ϕ) = µn, H is an etale cover of C
∗. Now H acts on H0(Xˆ, Lˆ). The H
naturally acts on the n-th symmetric product Sn(H0(Xˆ, Lˆ)), where µn acts
trivially. Therefore, we get a C∗-action on Sn(H0(Xˆ, Lˆ)). This C∗-action
induces a C∗-linearization of O
P(H0(Xˆ,Lˆ)(n). Since Lˆ
⊗n is the pull-back of
this line bundle by the C∗-equivariant embedding Xˆ → P(H0(Xˆ, Lˆ)), Lˆ⊗n
has a C∗-linearization.
By the lemma above, Lˆ⊗m is C∗-lineraized for some m > 0. Now one can
write
Xˆ = ProjAˆ ⊕n≥0 fˆ∗Lˆ
⊗nm,
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where each fˆ∗Lˆ
⊗nm is an Aˆ-module with C∗-action. Since Y has a good C∗-
action, there exists a projective C∗-equivariant morphism f : X → Y such
that X ×Y Yˆ = Xˆ by Proposition (A.5).
(STEP 3): We shall finally show that Xan = X and fan = f¯ . The
formal neighborhoods of Xan and X along f−1(0) are the same. By [Ar],
the bimeromorphic map Xan −− → X is an isomorphism over a small open
neighborhood U of 0 ∈ Y an. But, since Y an has a good C∗-action and
this action lifts to both Xan and X , the bimeromorphic map must be an
isomorphism over Y an.
Proposition (A.9). Let Y = Spec(A) be an affine variety with a good
C∗-action and let f : X → Y be a birational projective morphism with X
normal. Assume that Y has only rational singularities, and X is Q-factorial.
Then Xan is Q-factorial.
Proof. Let g : Z → Y be a C∗-equivariant projective resolution. Let
0 ∈ Y be the fixed origin of the C∗-action and let Yˆ := Spec(Aˆ) where Aˆ is
the completion of A at 0. We put Zˆ := Z ×Y Yˆ and denote by gˆ : Zˆ → Yˆ
the induced morphism. Since Y has only rational singularities, Pic(Zan) ∼=
H2(Zan,Z), which is discrete. Hence every element L ∈ Pic(Zan) is fixed
by the C∗-action. Take an arbitrary line bundle L. We shall prove that, for
some m > 0, L⊗m comes from an algebraic line bundle. As in the proof of
Proposition 26, L defines a line bundle Lˆ on Xˆ . By Lemma (A.8), Lˆ⊗m is C∗-
linearized for some m. By Proposition (A.6), Lˆ⊗m extends to a C∗-linearized
line bundle M on Z. By the construction, there is an open neighborhood
U of 0 ∈ Y an such that Man|(gan)−1(U) ∼= L
⊗m|(gan)−1(U). Since Y
an has a
good C∗-action, one can assume that H2(Zan,Z) ∼= H2((gan)−1(U),Z); this
implies that Pic(Zan) ∼= Pic((gan)−1(U)). Thus, Man ∼= L⊗m. Let us take a
common resolution of Z and X : h1 : W → Z and h2 : W → X . Let D be
an irreducible (analytic) Weil divisor of Xan. Take an irreducible component
D′ of (han2 )
−1(D) such that (han2 )(D
′) = D. We put D¯ := (han1 )(D
′). We first
assume that D¯ is a divisor of Zan. Then the line bundle OZan(rD¯) becomes
algebraic for some r > 0. Hence OW an(rD
′) is algebraic. Finally, the direct
image (han2 )∗OW an(rD
′) is algebraic, and its double dual is also algebraic.
Thus we conclude that OXan(rD) is an algebraic reflexive sheaf of rank 1.
We next assume that D¯ is not a divisor. Then D′ is an exceptional divisor of
h1. In this case, OW an(D
′) is algebraic, and the same argument as the first
case shows that OXan(D) is algebraic.
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Corollary (A.10). Let Y be an affine symplectic variety with a good
C∗-action. Then the following hold.
(i) If f : X → Y is a Q-factorial terminalization, then Xan is Q-factorial
as an analytic space.
(ii)If f¯ : X → Y an is a Q-factorial terminalization as an analytic space,
then there is a projective birational morphism f : X → Y such that Xan = X
and fan = f¯ .
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